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ABSTRACT. Our recent results on extended crystal PDE’s are generalized to PDE’s in the cat-
egory QS of quantum supermanifolds. Then obstructions to the existence of global quantum
smooth solutions for such equations are obtained, by using algebraic topologic techniques. Appli-
cations are considered in details to the quantum super Yang-Mills equations. Furthermore, our
geometric theory of stability of PDE’s and their solutions, is also generalized to quantum extended
crystal PDE’s. In this way we are able to identify quantum equations where their global solutions
are stable at finite times. These results, are also extended to quantum singular (super)PDE’s,
introducing (quantum extended crystal singular (super) PDE’s). 1
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1. Introduction
In a previous paper [73] we proved that PDE’s can be considered as extended crys-
tals, in the sense that their integral bordism groups can be seen as crystallographic
subgroups extensions. In this paper we aim generalize that result to quantum super
PDE’s. This is possible, since we utilize our geometric theory of PDE’s considered
in the category Q of quantum manifolds and in the category QS of quantum su-
permanifolds [63, 64, 68, 69, 70, 71, 78, 79, 80]. Then we relate integral bordism
groups of quantum super PDE’s to crystallographic groups. The main results are
Theorem 2.4 and Theorem 2.16. The first relates formal integrability and complete
integrability of quantum PDE’s to crystallographic groups. In this way we can
consider quantum super PDE’s as quantum extended crystallographic structures. In
the second theorem, we identify an obstruction characterizing existence of global
quantum smooth solutions. This is called quantum crystal obstruction of a quantum
super PDE. Applications to quantum super Yang-Mills PDE’s are given too.
Another characterizing aspect of this paper is a new geometric theory for stabil-
ity of quantum super PDE’s and their solutions. This is made by extending to
the category of quantum super manifolds QS our previous geometric approach
1See also companion paper [81].
Work partially supported by Italian grants MIUR ”PDE’s Geometry and Applications”.
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on commutative PDE’s stability [72, 73, 74, 75, 76, 77]. Here a k-order quan-
tum (super) PDE is considered as a subset Eˆk ⊂ JDˆ
k(W ) of the k-jet-derivative
space JDˆk(W ), built on some fiber bundle π : W → M , in the category of
quantum smooth (super)manifolds. Then, to investigate the stability of a regu-
lar solution Dks(M) ≡ V ⊂ Eˆk, of Eˆk ⊂ JDˆ
k(W ), one considers the lineariza-
tion of Eˆk at the solution V . The integrable solutions of the linearized equation
(Dks)∗vT Eˆk ≡ Eˆk[s] ⊂ JDˆ
k(s∗vTW ) ≡ JDˆk(Eˆ[s]), represent the infinitesimal
admissible perturbations of the original solution. Then, if to an initial Cauchy
data for such linearized equation there correspond solutions (perturbations) that
or oscillate around the zero solution (of the linearized equation), or remain limited
around such zero solution, then the solution s is said to be stable, otherwise s is
called unstable. Taking into account that the linearized equation Eˆk[s] belongs to
a vector neighborhood of Eˆk, at the solution V , and that integrable solutions of
Eˆk[s] are infinitesimal vertical symmetries of Eˆk, it follows that such perturbations
deform the original solution V ⊂ Eˆk into solutions V˜ ⊂ Eˆk such that, if V is stable,
remain into suitable neighborhoods of the same V . When, instead the perturba-
tions blow-up, then V is unstable. The blowing-up of the perturbation corresponds
to the fact that such a solution of the linearized equation Eˆk[s] is not regular in
all of its points, but there are present singular points. Then in the cases where
V is unstable, between the solutions of above type V˜ , there are ones that are also
singular and this fact just characterizes unstable solutions of Eˆk. This approach
to the stability can be related to the Ljapunov concept of stability in functional
analysis [34], and it is founded on the assumption that the possible perturbations
can influence only the given solution, say V ⊂ Eˆk, but do not have any influence
on the same equation Eˆk.
On the other hand, we can more generally assume that perturbations can change
the same original equation. In such a case we can ask wether a given solution of the
original equation can change for ”little” perturbations of the same equation. Then
we talk about (un)stable equations. This last approach is, instead, related to the
concept of Ulam (un)stability for functional equations [102].
We prove that all above points of view for stability in quantum (super) PDE’s can
be unified in the geometric theory of quantum (super) PDE’s on the ground of
integral bordism groups. This extends to the category of quantum super PDE’s,
our previous results on the stability of commutative PDE’s [72, 73, 74, 75, 76, 77].2
In this paper, the main results on the quantum super PDE’s stability are the follow-
ing. Theorem 3.18 that gives some criteria to recognize functional stability in any
quantum (super) PDE’s. Theorem 3.21 that relates functional stability with quan-
tum (k + 1)-connections. Theorem 3.24 proving that to a formally integrable and
completely integrable quantun (super) PDE, one can canonically associate another
quantum (super) PDE (S)Eˆk, stable quantum extended crystal (super) PDE of Eˆk,
having the same regular smooth solutions of Eˆk, but in
(S)Eˆk these solution are
2For basic informations on the geometry of PDE’s see also the following refs.[8, 15, 16, 19,
35, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67]. For basic informations
on some subjects of differential topology and algebraic topology, related to this paper, see also
refs.[9, 22, 36, 45, 88, 93, 94, 97, 104, 105].
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stable.3 Theorem 3.30 that gives a criterion to recognize the average asymptotic sta-
bility with respect to quantum frames. Applications to quantum super d’Alembert
equation and quantum super Navier-Stokes equation are considered too.
Finally we extend above results also to quantum singular (super) PDE’s, and we
characterize quantum extended crystal singular (super) PDE’s. For such equations
we identify algebraic-topological obstructions to the existence of global (smooth)
solutions solving boundary value problems and crossing singular points too.
The paper, after the Introduction, contains two more sections. In the first section
we relate the integral bordism groups of quantum super PDE’s to crystallographic
groups and recognize a topologic algebraic obstruction to the existence of quantum
smooth solutions. Applications of these results to the quantum super Yang-Mills
equation are considered. In Section 3 we formulate a geometric theory of stability
for solutions of quantum super PDE’s. We follow some our previous works devoted
to the algebraic topological characterization of PDE’s stability and their solutions
satibility [72, 73, 74, 75, 76, 77]. Thus, in this paper the stability of quantum
(super) PDE’s is studied in the framework of the geometric theory of quantum
(super) PDE’s, and in the framework of the bordism groups of quantum (super)
PDE’s. In particular we identify criteria to recognize quantum (super) PDE’s that
are stable (in extended Ulam sense) and in their regular smooth solutions do not
occur unstabilities in finite times. We call such equations stable quantum extended
crystal (super) PDE’s. Applications to the quantum super d’Alembert equation and
the quantum super Navier-Stokes equation respectively are explicitly considered.
Section 4 is devoted to extend above results also to quantum singular super PDE’s.
The main results in this section is Theorem 4.8 that identifies conditions in order
to recognize global (smooth) solutions of quantum singular super PDE’s crossing
singular points. There we characterize quantum 0-crystal singular super PDE’s, i.e.,
quantum singular super PDE’s having smooth global solutions crossing singular
points, stable at finite times.
2. INTEGRAL BORDISM GROUPS OF QUANTUM SUPER PDE’s
vs CRYSTALLOGRAPHIC GROUPS
In this section we extend to quantum super PDE’s our previous results on the
algebraic topological crystal characterization of commutative PDE’s.4
Remark 2.1. Here and in the following we shall denote the boundary ∂V of a
compact quantum supermanifold V , of dimension m|n, with respect to a quan-
tum superalgebra A, split in the form ∂V = N0
⋃
P
⋃
N1, where N0 and N1 are
two disjoint (m− 1|n− 1)-dimensional quantum sub-supermanifolds of V , that are
not necessarily closed, and P is another (m − 1|n − 1)-dimensional quantum sub-
supermanifold of V . For example, if V = Dˆm|n × Dˆ1|1, where Dˆr|s ⊂ Sˆr|s is
the (r|s)-dimensional quantum superdisk, contained in the (r|s)-dimensional quan-
tum supersphere, one has that dimV = (m + 1|n + 1) and N0 = Dˆ
m|n × {0},
3This theorem allows to avoid all the problems present in the applications, related to finite
instability of solutions.
4Quantum super PDE’s are PDE’s in the category QS of quantum supermanifolds, in the sense
introduced by A.Pra´staro [55, 56, 59, 60, 61, 62, 66, 67, 68, 69, 76, 80].
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N1 = Dˆ
m|n × {1}, P = ∂Dˆm|n × Dˆ1|1 ∼= Sˆm−1|n−1 × Dˆ1|1.5 Therefore dimN0 =
dimN1 = dimP = (m|n). Note that since Dˆ
m|n × Dˆ1|1 = Dˆm+1|n+1, therefore we
can also write ∂V = ∂Dˆm+1|n+1 = Sˆm|n = Sˆm−1|n−1 × Sˆ1|1. Since
(1)
∂V = ∂(Dˆm|n × Dˆ1|1) = (∂Dˆm|n)× Dˆ1|1
⋃
Dˆm|n × ∂Dˆ1|1
= Sˆm−1|n−1 × Dˆ1|1
⋃
Dˆm|n × Sˆ0|0.
Therefore, ∂V is obtained by means of the quantum surgering removing Sˆm−1|n−1×
Dˆ1|1 ⊂ Sˆm|n. (For details on quantum surgering see [75].) Of course if V =
Sˆm|n × Dˆ1|1, then P = ∅, hence ∂V = Sˆm|n × {0}
.⋃
Sm|n × {1}.6
This example shows that if V is a solution of a quantum super PDE, then it can
be obtained by propagating an initial Cauchy hypersurface X ⊂ V , dimX = (m|n),
by means of an integrable full quantum vector field ζ : V → T̂ V ≡ HomZ(A;TV ),
∂φ = ζ, where φ : A× V → V . (See Fig.1.)
Figure 1. Quantum solution V , of dimension (m+ 1|n+ 1) over
a quantum superalgebra A, propagating X , dimX = (m|n).
Let us emphasize also, that in some cases solutions can be obtained also by flows
of integrable vector fields ζ : V → TV , i.e., ζ = ∂ψ, with ψ : R × V → V .
For example if V = Dˆm|n × I, with I ≡ [0, 1] ⊂ R, then dimV = m + 1|n, and
∂V =M0
⋃
P
⋃
M1, with P = Sˆ
m−1|n−1×I, M0 = Dˆ
m|n×{0}, M1 = Dˆ
m|n×{1}.
So we get dimP = m|n − 1, dimM0 = dimM1 = m|n. Therefore ∂V has some
components (M0 and M1) that have only the even dimension dropped by 1, with
respect to V , and other one (P ) where also the odd dimension drops by 1.
Let us also recall that with the term quantum solutions we mean integral bordisms
relating Cauchy quantum hypersurfaces of Eˆk+s, contained in J
k+s
m|n (W ), but not
necessarily contained into Eˆk+s. (For details see refs.[69, 70, 71, 79].)
Definition 2.2. We say that a quantum super PDE Eˆk ⊂ Jˆ
k
m|n(W ) is an quantum
extended 0-crystal super PDE, if its weak integral bordism group ΩEˆkm−1|n−1,w is
zero.
5Recall that a (m|n)-dimensional quantum supersphere, Sˆm|n, over a quantum superalgebra
A, is the Alexandrov compactification of Am|n, i.e., Sˆm|n = Am|n
⋃
{∞}. A (m|n)-dimensional
quantum superdisk over a quantum superalgebra A, is a connected compact sub-supermanifold
Dˆm|n ⊂ Sˆm|n, of dimension m|n over A, such that ∂Dˆm|n ∼= Sˆm−1|n−1, i.e., with boundary
∂Dˆm|n diffeomorphic to Sˆm−1|n−1. For details on such quantum supermanifolds see [79].
6We denote disjoint union by the symbol
.⋃
or
.⋃
.
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Theorem 2.3. (Criterion to recognize quantum extended 0-crystal super PDE’s).
Let Eˆk ⊂ Jˆ
k
m|n(W ) be a formally quantum integrable and completely quantum su-
perintegrable quantum super PDE such that W is contractible. If m − 1 6= 0 and
n− 1 6= 0, then Ek is a quantum extended 0-crystal super PDE.
Proof. In fact, one has the following ismorphisms, (see [70]):
(2)
ΩEˆkm−1|n−1,w
∼= Hm−1|n−1(W ;A)
∼= (A0
⊗
K
Hm−1(W ;K))
⊕
(A1
⊗
K
Hn−1(W ;K)) .
Thus, when W is contractible, and m− 1 6= 0, n− 1 6= 0, one has Hm−1(W ;K) =
Hn−1(W ;K) = 0, hence we get Ω
Eˆk
m−1|n−1,w = 0. 
Theorem 2.4. (Crystal structure of quantum super PDE’s). Let Eˆk ⊂ Jˆ
k
m|n(W ) be
a formally quantum superintegrable and completely quantum superintegrable quan-
tum super PDE. Then its integral bordism group ΩEˆkm−1|n−1 is an extension of some
crystallographic subgroup G⊳G(d). We call d the crystal dimension of Eˆk and G(d)
its crystal structure or crystal group.
Proof. Let us first note that there is a relation between lower dimensions integral
bordisms in a commutative PDE. In fact, one has the following lemma.
Lemma 2.5. (Relations between lower dimensions integral bordisms in commu-
tative PDE’s). Let Ek ⊂ J
k
n(W ) be a PDE on the fiber bundle π : W → M ,
dimW = m+ n, dimM = n. Let SCp(Ek) be the set of all compact p-dimensional
admissible integral smooth manifolds of Ek. The disjoint union gives an addi-
tion on SCp(Ek) with ∅ as the zero element. Let us consider the homomorphisms
∂p :
SCp(Ek)→
SCp−1(Ek) that associates to any element a ∈
SCp(Ek) its bound-
ary ∂a = ∂p(a). So we obtain the following chain complex of abelian groups (integral
smooth bordisms chain complex):
(3) SCn(Ek)
∂n // SCn−1(Ek)
∂n−1 // SCn−2(Ek)
∂n−2 // · · ·
∂1 // SC0(Ek).
Then the p-bordism groups ΩEkp , 0 < p < n, can be represented by means of the
homology of the chain complex (3).
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Proof. Let us denote by
{
SC•(Ek), ∂•
}
the chain complex in (3). Then, we can
build the following exact commutative diagram:
(4) 0

0

0 // SB•(Ek)

// SZ•(Ek)

// SH•(Ek) // 0
SC•(Ek)

SC•(Ek)

0 // ΩEk•
// SBor•(Ek)

// SCyc•(Ek)

// 0
0 0
where
SB•(Ek) = ker(∂|•);
SZ•(Ek) = im (∂•);
SH•(Ek) =
SZ•(Ek)/
SB•(Ek),
b ∈ [a] ∈ SBor•(Ek)⇒ a− b = ∂c; c ∈
SC•(Ek); b ∈ [a] ∈
SCyc•(Ek)⇒ ∂(a− b) = 0;
b ∈ [a] ∈ ΩEk• ⇒
{
∂a = ∂b = 0
a− b = ∂c, c ∈ SC•(Ek)
}
.
Then from (4) it follows directly that ΩEkp
∼= SHp(Ek), 0 < p < n. 
Lemma 2.6. (Relations between integral bordisms groups in commutative PDEs).
One has the following canonical isomorphism:
(5) Z
⊗
Ω
Ek
•
ZSBor•(Ek) ∼= Z
SCyc•(Ek).
Proof. Follows directly from the extension of groups given at the bottom of the
commutative exact diagram (4) and some properties between extension of groups.
(See, e.g., [57].) 
Lemma 2.7. (Relations between integral bordisms groups in commutative PDEs-
2). If H2(SCyc•(Ek),Ω
Ek
• ) = 0 one has the following canonical isomorphism:
(6) SBor•(Ek) ∼= Ω
Ek
• ×
SCyc•(Ek).
Proof. Follows directly from the extension of groups given at the bottom of the
commutative exact diagram (4) and some properties between extension of groups.
(See, e.g., [57].) 
Example 2.8. In particular if Ek ⊂ J
k
n(W ) is a 0-crystal PDE with Ω
Ek
n−1 = 0,
one has: SBorn−1(Ek) ∼=
SCycn−1(Ek). Such an example is, e.g., the d’Alembert
equation uuxy − uxuy = 0 on the trivial fiber bundle π : W ≡ R
3 → M ≡ R2,
(x, y, u) 7→ (x, y). In fact, in such a case one has Ωd
′A
1 = 0 and also
SBor1(d
′A) ∼=
SCyc1(d
′A) ∼= 0. (For the integral bordism group of this equation, and its general-
izations, see Refs.[57, 65, 73, 76, 82].)
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Lemma 2.9. (Integral ringoid of PDE). A ringoid is a structure (A,+, ·), where
A is a set and + is a binary operation such that (A,+) is an abelian additive group
with zero 0 ∈ A; · is a partially binary operation, i.e., it is defined only for some
couples (a, b) ∈ A × A, such that it is associative, and distributive with respect to
+, i.e., if a · b and a · c are defined, then it is defined also a · (b + c) = a · b + a · c.
A graded ringoid is a set A =
⊕
nAn, where each An is an abelian additive group
and there is a partial binary operation ·, associative, and distributive with respect
to +, such that if a ∈ An, b ∈ Am, then a · b ∈ Am+n, whenever it is defined.
Let Ek ⊂ J
k
n(W ) be a PDE, with π : W → M a fiber bundle, dimW = m + n,
dimM = n. Then the integral bordism groups ΩEkp , 0 ≤ p ≤ n−1, identify a graded
ringoid ΩEk• , that we call integral ringoid of Ek, that is an extension of a graded
ringoid contained in the nonoriented bordism ring Ω•.
One has the following commutative diagram
(7)
0

0 Homringoid(K
Ek
• ;R)
oo Homringoid(Ω
Ek
• ;R)
oo

Homringoid(
(n−1)Ω•;R)oo
uujjjj
jj
jj
jj
jj
jj
j
0oo
H•(Ek)
where H•(Ek) ≡
⊕
0≤p≤n−1Hp(Ek), that allows us to represent differential p-
conservation laws of order k by means of ringoid homomorphisms ΩEk• → R, and
as extensions of ringoid homorphisms K
Ek
• → R.
Proof. Set
(8) ΩEk• ≡
⊕
0≤p≤n−1
ΩEkp .
Each ΩEkp are additive abelian groups, with addition induced by disjoint union,
.⋃
. Furthermore, there is a natural product induced by the cartesian product, i.e.,
[X1] · [X2] = [X1 × X2] ∈ Ω
Ek
p1+p2 , for [Xi] ∈ Ω
Ek
pi , 0 ≤ pi ≤ n − 1, i = 1, 2,
0 ≤ p1+p2 ≤ n− 1. This product it is not always defined for any closed admissible
integral manifolds Xi, i = 1, 2, but only for ones such that X1 × X2 is a closed
integral admissible manifold. Therefore ΩEk• is a graded ringoid. Set
(n−1)Ω• ≡⊕
0≤p≤n−1Ωp. It has in a natural way a graded ringoid structure, with respect the
same operations with respect to which Ω• is a graded ring. Furthermore, for any
0 ≤ p ≤ n− 1, one has the following exact sequence, (see proof of Theorem 3.16 in
[71]),
(9) 0 // K
Ek
p
// ΩEkp // Ωp // 0
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As a by-product one has also the following exact commutative diagram:
(10) 0

0 // K
Ek
•
// ΩEk•
// (n−1)Ω• //

0
Ω•
where K
Ek
• ≡
⊕
0≤p≤n−1K
Ek
p .
A full p-conservation law is any function f : ΩEkp → R, 0 ≤ p ≤ n − 1. These,
identify elements of H•(Ek) ≡
⊕
0≤p≤n−1Hp(Ek) in a natural way. In H•(Ek) are
contained also ones identified by means of differential conservation laws of order k,
identified with I(Ek)
• ≡
⊕
0≤q≤n−1 I(Ek)
q, with
(11) I(Ek)
q ≡
Ωq(Ek) ∩ d
−1(CΩq+1(Ek))
dΩq−1(Ek)⊕ {CΩq(Ek) ∩ d−1(CΩq+1(Ek))}
.
Here, Ωq(Ek) is the space of smooth q-differential forms on Ek and CΩ
q(Ek) is
the space of Cartan q-forms on Ek, that are zero on the Cartan distribution Ek of
Ek. Therefore, β ∈ CΩ
q(Ek) iff β(ζ1, · · · , ζq) = 0, for all ζi ∈ C
∞(Ek).
7 Any α ∈
I(Ek)
• identifies a ringoid homomorphism f [α] : ΩEk• → R. More precisely one has
f [α]([X1]+ [X2]) =< α,X1 > + < α,X2 >, for [α] ∈ I(Ek)
p, [X1], [X2] ∈ Ω
Ek
p , and
f [α]([X1] · [X2]) =< α1, X1 >< α2, X2 >, for [α] = [α1]+ [α2] ∈ I(Ek)
p1 ⊕I(Ek)
p2 ,
[X1] ∈ Ω
Ek
p1 , [X2] ∈ Ω
Ek
p2 . 
In the following we extend above results to PDE’s in the category QS .
Lemma 2.10. (Relations between lower order integral bigraded-bordisms in quan-
tum super PDE’s). Let Eˆk ⊂ Jˆ
k
m|n(W ) be a quantum super PDE on the fiber bundle
π : W → M , dimBW = (m|n, r|s), dimAM = m|n, B = A × E, E a quantum
superalgebra that is also a Z-module, with Z = Z(A) the centre of A. Let SCp|q(Eˆk)
be the set of all compact p|q-dimensional, (with respect to A), admissible integral
smooth manifolds of Eˆk, 0 ≤ p ≤ m, 0 ≤ q ≤ n. The disjoint union gives an addi-
tion on SCp|q(Eˆk) with ∅ as the zero element. Let us consider the homomorphisms
∂p|q :
SCp|q(Eˆk)→
SCp−1|q−1(Eˆk) that associates to any element a ∈
SCp|q(Eˆk) its
boundary ∂a = ∂p|q(a). So we obtain the following chain complex of abelian groups
(integral smooth bigraded-bordisms chain complex) of Eˆk ⊂ Jˆ
k
m|n(W ):
(12)
SCm|n(Eˆk)
∂m|n// SCm−1|n−1(Eˆk)
∂m−1|n−1// SCm−2|n−2(Eˆk)
∂m−2|n−2 // · · ·
∂r|r // SCm−r|n−r(Eˆk)
where r = min{m,n}. Then the p|q-integral bordism groups ΩEˆkp|q, (m− r) < p < m,
(n− r) < q < n, can be represented by means of the homology of the chain complex
(12).
7Cons(Ek) can be identified with the spectral term E
0,n−1
1 of the spectral sequence associ-
ated to the filtration induced in the graded algebra Ω•(E∞) ≡ ⊕q≥0Ω
q(E∞), by the subspaces
CΩq(E∞) ⊂ Ωq(E∞). (For abuse of language we shall call ”conservation laws of k-order”, char-
acteristic integral (n− 1)-forms too. Note that CΩ0(Ek) = 0. See also Refs.[59, 61, 68].)
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One has the following canonical isomorphism:
(13) Z
⊗
Ω
Eˆk
•|•
ZSBor•|•(Eˆk) ∼= Z
SCyc•|•(Eˆk).
Furthermore, if H2(SCyc•|•(Eˆk),Ω
Eˆk
•|•) = 0 one has the following canonical isomor-
phism:
(14) SBor•|•(Eˆk) ∼= Ω
Eˆk
•|• ×
SCyc•|•(Eˆk).
Proof. The proof can be conduced similarly to the ones for Lemma 2.5, Lemma 2.6
and Lemma 2.7. 
Similarly we can prove the following lemma concerning the total analogous of the
complex (12) too.
Lemma 2.11. (Relations between lower order integral total-bordisms in quantum
super PDE’s). Let Eˆk ⊂ Jˆ
k
m|n(W ) be a quantum super PDE on the fiber bundle
π : W → M , dimBW = (m|n, r|s), dimAM = m|n, B = A × E, E a quantum
superalgebra that is also a Z-module, with Z = Z(A) the centre of A. Let SCp(Eˆk),
0 ≤ p ≤ m + n, be the set of all compact u|v-dimensional, (with respect to A),
admissible integral smooth manifolds of Eˆk, such that u + v = p. The disjoint
union gives an addition on SCp(Eˆk) with ∅ as the zero element. Thus we can write
(15) SCp(Eˆk) =
⊕
u,v;u+v=p
SCu|v(Eˆk) =
Tot,SCp(Eˆk).
Let us consider the homomorphisms ∂p :
SCp(Eˆk)→
SCp−1(Eˆk) that associates to
any element a ∈ SCp(Eˆk) its boundary ∂a = ∂p(a), i.e., one has:
(16)
∂pa = ∂p(ap|0, ap−1|1, ap−2|2, · · · , a0|p)
= (∂p|0ap|0, ∂p−1|1ap−1|1, ∂p−2|2ap−2|2, · · · , ∂0|pa0|p)
∈
⊕
u,v;u+v=p−1
SCu|v(Eˆk) =
SCp−1(Eˆk).
One has ∂p−1 ◦ ∂p = 0. So we get the following chain complex of abelian groups
(integral smooth bigraded-bordisms chain complex) of Eˆk ⊂ Jˆ
k
m|n(W ):
(17) SCn(Eˆk)
∂n // SCn−1(Eˆk)
∂n−1 // SCn−2(Eˆk)
∂n−2 // · · ·
∂1 // SC0(Eˆk).
Then the p-integral total bordism groups ΩEˆkp , 0 < p < m + n, can be represented
by means of the homology of the chain complex (17).
One has the following canonical isomorphism:
(18) Z
⊗
Ω
Eˆk
•
ZSBor•(Eˆk) ∼= Z
SCyc•(Eˆk).
Furthermore, if H2(SCyc•(Eˆk),Ω
Eˆk
• ) = 0 one has the following canonical isomor-
phism:
(19) SBor•(Eˆk) ∼= Ω
Eˆk
• ×
SCyc•(Eˆk).
Proof. The proof is similar to the one of Lemma 2.10. 
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Lemma 2.12. (Integral ringoid of PDE’s in QS and quantum conservation laws).
Let Eˆk ⊂ Jˆ
k
m|n(W ) be a PDE in the category QS as defined in Lemma 2.11. Then,
ΩEˆk• ≡
⊕
0≤p≤m+nΩ
Eˆk
p , has a natural structure of graded ringoid, with respect
to the (partial) binary operations similar to the commutative case. We call ΩEˆk•
the integral ringoid of Eˆk. Furthermore, quantum conservation laws of order k,
fˆ ∈ Map(ΩEˆkp|q, Bk) ≡ Hp|q(Eˆk), can be projected on their classic limits fˆ 7→ fˆC ≡
c ◦ fˆ ∈ Map(ΩEˆkp|q,K) ≡ Hp|q(Eˆk)C . By passing to the corresponding total spaces,
we get the following exact commutative diagram:
(20) 0

0

Hp|q(Eˆk)

// Hp|q(Eˆk)C

// 0
H•(Eˆk) // H•(Eˆk)C // 0
Moreover, graded ringoid hmomorphisms hˆ ∈ Homringoid(Ω
Eˆk
• ,K), can be identified
by means of classic limit quantum conservation laws of Eˆk. One has the following
exact commutative diagram:
(21) 0 // RH•(Eˆk) //

H•(Eˆk)

0 // Homringoid(ΩEˆk• ,K)
//

H•(Eˆk)C

0 0
that defines a subalgebra RH•(Eˆk) ofH•(Eˆk), whose elements we call rigid quantum
conservation laws, and whose classic limit can be identified with ringoid homomor-
phisms ΩEˆk• → K. In particular, quantum conservation laws arising by full quantum
differential form classes
(22)
{
[α] ∈
⊕
p,q≥0 Iˆ(Eˆk)
p|q
Iˆ(Eˆk)
p|q ≡ Ω̂
p|q(Eˆk)∩d
−1(CΩ̂p+1|q+1(Eˆk))
dΩ̂p−1|q−1(Ek)⊕{CΩ̂p|q(Eˆk)∩d−1(CΩ̂p+1|q+1(Eˆk)))}
belong to RH•(Eˆk).
Proof. The proof follows directly from above lemmas. (For details on spaces Iˆ(Eˆk)
p|q
see Refs.[63, 68, 70].) 
Let us, now, denote Ω
c
Eˆk
p|q (or Ωc
Eˆk
p+q), the classic limit of integral (p|q)-bordism group
of Eˆk, i.e., the (p + q)-bordism group of classic limits of integral supermanifolds
N ⊂ Eˆk, such that dimAN = p|q. Furthermore, let us denote by Ω
c
Eˆk
p̂+q
the classic
limit of total integral (p+ q)-bordism group of Eˆk, i.e., the (p+ q)-bordism group
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of classic limits of integral supermanifolds N ⊂ Eˆk, such that dimAN = u|v, with
u+ v = p+ q. One has the following exact commutative diagram:
(23) 0 // ΩEˆkp|q

// ΩEˆkp+q

0 // Ω
c
Eˆk
p+q

// Ω
c
Eˆk
p̂+q

0 0
Taking into account Theorem 3.6 in [70] we get a relation between ΩEˆkm−1|n−1, Ω
c
Eˆk
p|q
and the bordism group Ωm+n−2. In fact, we can see that there is a relation between
integral bordism groups in quantum super PDEs and Reinhart integral bordism
groups of commutative manifolds. More precisely, let N0, N1 ⊂ Eˆk ⊂ Jˆ
k
m|n(W ) be
closed admissible integral quantum supermanifolds of a quantum super PDE Eˆk,
of dimension (m − 1|n − 1) over A, such that N0
.⋃
N1 = ∂V , for some admissi-
ble integral quantum supermanifold V ⊂ Eˆk, of dimension (m|n) over A. Then
(N0)C
.⋃
(N1)C = ∂VC iff (N0)C and (N1)C have the same Stiefel-Whitney and Eu-
ler characteristic numbers. In fact, by denoting Ω↑p the Reinhart p-bordism groups
and Ωp the p-bordism group for closed smooth finite dimensional manifolds respec-
tively, one has the following exact commutative diagram
(24)
0 // KEˆkm−1|n−1;m+n−2
// ΩEˆkm−1|n−1
// Ω
c
Eˆk
m+n−2

//
$$I
II
II
II
II
I
0
0 // K↑m+n−2
// Ω↑m+n−2
// Ωm+n−2 // 0
This has as a consequence that if N0
.⋃
N1 = ∂V , then (N0)C
.⋃
(N1)C = ∂VC iff
(N0)C and (N1)C have the same Stiefel-Whitney and Euler characteristic numbers.
8
From above exact commutative diagram one has that ΩEˆkm−1|n−1 is an extension of
a subgroup of Ωm+n−2.
Let us consider, now, the following lemmas.
Lemma 2.13. [73] Bordism groups, Ωp, relative to smooth manifolds can be con-
sidered as extensions of some crystallographic subgroup G ⊳ G(d).
Lemma 2.14. If the group G is an extension of H, any subgroup G˜ ⊳ G is an
extension of a subgroup H˜ ⊳ H.
Proof. In fact G˜ is an extension of p(G˜) ⊳ H , with respect to the following short
exact sequence: 0 // K // G
p // H // 0 . 
8Note that for p+ q = 3 one has K↑3 = 0, hence one has Ω
↑
3 = Ω3.
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Therefore by using above two lemmas, we get also that ΩEˆkm−1|n−1 is an extension
of some crystallographic subgroup G ⊳ G(d). 
The theorem below relates the integrability properties of a quantum super PDE to
crystallographic groups. Let us first give the following definition.
Definition 2.15. We say that a quantum super PDE Eˆk ⊂ Jˆ
k
m|n(W ) is an extended
crystal quantum super PDE, if conditions of Theorem 2.4 are verified. Then, for
such a PDE Eˆk are defined its crystal group G(d) and crystal dimension d.
In the following we relate crystal structure of quantum super PDE’s to the existence
of global smooth solutions for smooth boundary value problems, by identifying an
algebraic-topological obstruction.
Theorem 2.16. Let Bk be the model quantum superalgebra of Jˆ
k
m|n(W ), k ≥ 0.
(See [69, 70].) We denote also by B∞ = limkBk.
9 Let Eˆk ⊂ Jˆ
k
m|n(W ) be a quantum
formally integrable and completely qunatum superintegrable quantum super PDE.
Then, in the algebra Hm−1|n−1(Eˆk) ≡ Map(Ω
Eˆk
m−1|n−1;Bk), Hopf quantum super-
algebra of Eˆk, there is a quantum sub-superalgebra, (crystal Hopf quntum super-
algebra) of Eˆk.
10 On such an algebra we can represent the quantum superalgebra
BG(d) associated to the quantum crystal supergroup G(d) of Eˆk. (This justifies the
name.) We call quantum crystal conservation superlaws of Eˆk the elements of its
quantum Hopf crystal superalgebra. Then, the obstruction to find global smooth so-
lutions of Eˆk, for integral boundaries with orientable classic limit, can be identified
with the quotient Hm−1|n−1(Eˆ∞)/B
Ωm+n−2
∞ .
Proof. LetN0, N1 ⊂ Eˆk be two respectively initial and final, closed compact Cauchy
data of Eˆk. Then there exists a weak, (resp. singular, resp. smooth) solution
V ⊂ Eˆk, such that ∂V = N0
.⋃
N1, iff X ≡ N0
.⋃
N1 ∈ [0] ∈ Ω
Eˆk
m−1|n−1,w, (resp.
X ∈ [0] ∈ ΩEˆkm−1|n−1,s, resp. X ∈ [0] ∈ Ω
Eˆk
m−1|n−1). Let XC be orientable, then
X is the boundary of a smooth solution, iff X has zero all the integral char-
acteristic quantum supernumbers, i.e., < α,X >= 0, ∀α ∈ Hm−1|n−1(Eˆ∞) =
Map(ΩEˆ∞m−1|n−1, B∞). Taking into account the following short exact sequence:
0 → ΩEˆkm−1|n−1,w → Ω˜m+n−2, where Ω˜m+n−2 ⊳ G(d), for some crystallographic
group G(d), we get also the following short exact sequence: Hm−1|n−1(Eˆ∞) ←
B
Ω˜m+n−2
∞ ← 0. So B
Ω˜m+n−2
∞ can be identified with a subalgebra of Hm−1|n−1(Eˆ∞).
Then the obstruction to find smooth solutions can be identified with the quotient
Hm−1|n−1(Eˆ∞)/B
Ω˜m+n−2
∞ . Taking into account that Ω˜m+n−2 ⊳ Ωm+n−2 ⊳ G(d),
we can also represent BΩ˜m+n−2 with B
Ωm+n−2
∞ , or with B
G(d)
∞ . Thus, it is justified
also call B
Ω˜m+n−2
∞ as crystal quantum superlaws algebra of Eˆk. 
9We also adopt the notation Bk(A) and B∞(A), whether it is necessary to specify the starting
original quantum super algebra A.
10Recall that with the term quantum Hopf superalgebra we mean an extension
A // C ≡ A⊗K H // D // D/C // 0 , where H is an Hopf K-algebra and A is a
quantum superalgebra. (For more details on generalized Hopf algebras, associated to PDE’s, see
Refs.[58, 59, 70].)
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Definition 2.17. We define crystal obstruction of Eˆk the above quotient of alge-
bras, and put: cry(Eˆk) ≡ Hm−1|n−1(Eˆ∞)/B
Ωm+n−2
∞ . We call quantum 0-crystal
super PDE a quantum super PDE Eˆk ⊂ Jˆ
k
m|n(W ) such that cry(Eˆk) = 0.
Remark 2.18. A quantum extended 0-crystal super PDE Eˆk ⊂ Jˆ
k
m|n(W ) does
not necessitate to be a quantum 0-crystal super PDE. In fact Eˆk is an extended
0-crsytal quantum super PDE if ΩEˆkm−1|n−1,w = 0. This does not necessarily implies
that ΩEˆkm−1|n−1 = 0. In fact, the different types of integral bordism groups of PDE’s
in the category QS, are related by the following proposition.
Proposition 2.19. (Relations between integral bordism groups).[70] The different
types of integral bordism groups for a quantum super PDE, are related by the exact
commutative diagram reported in (25).
(25) 0

0

0

0 // KEˆkm−1|n−1,w/(s,w)

// KEˆkm−1|n−1,w

// KEˆkm−1|n−1,s,w

// 0
0 // KEˆkm−1|n−1,s

// ΩEˆkm−1|n−1

// ΩEˆkm−1|n−1,s

// 0
0 // ΩEˆkm−1|n−1,w

// ΩEˆkm−1|n−1,w

// 0
0 0
One has the canonical isomorphisms:
(26)

KEˆkm−1|n−1,w/(s,w)
∼= KEˆkm−1|n−1,s
ΩEˆkm−1|n−1/K
Eˆk
m−1|n−1,s
∼= ΩEˆkm−1|n−1,s
ΩEˆkm−1|n−1,s/K
Eˆk
m−1|n−1,s,w
∼= Ω
Eˆk
m−1|n−1,w
ΩEˆkm−1|n−1/K
Eˆk
m−1|n−1,w
∼= Ω
Eˆk
m−1|n−1,w.
Corollary 2.20. Let Eˆk ⊂ Jˆ
k
m|n(W ) be a quantum 0-crystal super PDE. Let
N0, N1 ⊂ Eˆk be two closed initial and final Cauchy data of Eˆk such that X ≡
N0
.⋃
N1 ∈ [0] ∈ Ωm−1|n−1, and such that XC is orientable. Then there exists a
smooth solution V ⊂ Eˆk such that ∂V = X.
Example 2.21. (Quantum extended crystal SG-Yang-Mills PDE’s.) Let us in-
troduce some fundamental geometric objects to encode quantum supergravity. (See
also our previous works on this subjects that formulate quantum supergravity in the
framework of our geometric theory of quantum super PDE’s [61, 66, 69, 76, 78].)
The first geometric object to consider is a quantum Riemannian (super)manifold,
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(M, ĝ), of dimension m, with respect to a quantum algebra A, where ĝ : M →
HomZ(T˙
2
0M ;A) is a quantum metric. We shall assume that M is locally quantum
(super) Minkowskian, i.e., there is a Z-isomorphism, (quantum vierbein):
(27) θˆ(p) : TpM ∼= A⊗RMC , ∀p ∈M,
where TpM is the tangent space, at p ∈ M , to M , and MC is the m-dimensional
vector space of free vectors of a m-dimensional affine Minkowsky space-time. Equiv-
alently a quantum verbein is a section θˆ : M → HomZ(TM ;E) ∼= Ê ⊗Â (TM)
+,
where E is the trivial fiber bundle π¯ : E ≡ M × A ⊗R MC . Let us denote by
g ∈ S02(MC) the hyperbolic scalar product with signature (+,−−− · · · ). g induces a
A-valued scalar product, gˆ, on A⊗RMC , given by gˆ(a⊗u, b⊗v) = ab g(u, v) ∈ A. By
using the canonical splitting HomZ(T˙
2
0 (A⊗RMC ;A)
∼= HomZ(S˙
2
0(A⊗RMC ;A)⊕
HomZ(Λ˙
2
0(A⊗RMC ;A), we get also the split representation gˆ = gˆ(s) + gˆ(a). More
precisely one has
(28) gˆ
(s)
(a⊗ u, b⊗ v) = [a, b]+g(u, v), gˆ(a)(a⊗ u, b⊗ v) = [a, b]−g(u, v).
Furthermore, if (eα) is a basis in MC, and (e
β) is its dual, characterized by the
conditions eαe
β = δβα, let us denote respectively by (1̂ ⊗ eα) and ((1 ⊗ e
β)+) the
induced dual bases on the spaces ̂A⊗RMC and (A ⊗RMC)
+ respectively. Then
one has the following representations
(29)

gˆ = gˆ
αβ
(1⊗ eα)+ ⊗ (1⊗ eβ)+, gˆ
αβ
∈
2
Â
gˆ
(s)
= gˆ
(s)αβ
(1⊗ eα)+ • (1⊗ eβ)+, gˆ
(s)αβ
∈
2
Â
gˆ
(a)
= gˆ
(a)αβ
(1⊗ eα)+△(1⊗ eβ)+, gˆ
(a)αβ
∈
2
Â .
By means of the isomorphism θˆ⊗, we can induce on M a quantum metric, i.e.,
the quantum Minkowskian metric of M , ĝ = gˆ ◦ θˆ⊗. Conversely any quantum
metric ĝ on M , induces on the space A ⊗R MC , scalar products, for any p ∈ M :
gˆ(p) = ĝ(p) ◦ (θˆ⊗(p))−1. As a by-product, we get that any quantum metric ĝ on
M , induces a quantum metric on the fiber bundle π¯ : E → M , that we call the
deformed quantum metrics of π¯ : E → M . Therefore, when we talk about locally
Minkowskian quantum manifold M , we mean that on M is defined a Minkowskian
quantum metric. Since HomZ(TM ;A ⊗RMC) ∼= ̂A⊗RMC ⊗Â (TM)
+, we can
locally represent a quantum vierbein in the following form:
(30) θˆ = 1̂⊗ eβ
⊗
θˆβα dx
α,
where 1̂⊗ eβ ∈ HomZ(A;A ⊗R MC), is the full quantum extension of a basis
(eα)0≤α≤m−1 of MC, i.e., 1̂⊗ eβ(a) = a ⊗ eβ. Furthermore, θˆ
β
α(p) ∈ Â. Then,
if ζ : M → T̂M ≡ HomZ(A;TM) is a full quantum vector field on M , locally
represented by ζ = ∂xαζ
α, we get that its local representation by means of quantum
vierbein, is given by the following formula:
(31) θˆ(ζ) = 1̂⊗ eβ θˆ
β
αζ
α,
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where the product is given by composition:
(32) A
ζα //
∑
α,β=θˆ(ζ)
22A
θˆβα //A
1̂⊗eβ //A⊗Z MC
(For abuse of notation we can also denote θˆ(ζ) by ζ yet.) Whether ĝ = ĝαβdx
α ⊗
dxβ, is the quantum Minkowskian metric of M , then its local representation by
means of the quantum vierbein is the following:
(33)
 ĝ = ĝαωdx
α ⊗ dxω
ĝαω = θˆ
β
α ⊗ θˆ
γ
ω gβγ = gβγ θˆ
β
α ⊗ θˆ
γ
ω, ĝαω(p) ∈
2
Â, ∀p ∈M.
where θˆβα ⊗ θˆ
γ
ω(p), can be identified with θˆ
β
α ⊗ θˆ
γ
ω(p) ∈ HomZ(T˙
2
0 (A); T˙
2
0 (A)). In
fact, one has the following extension θˆ⊗ of θˆ:
(34)
{
θˆ⊗ ∈ HomZ(T ⊗Z TM ; (A⊗RMC)⊗Z (A⊗RMC))
∼= ̂(A⊗RMC)⊗Z (A⊗RMC)
⊗
Â(TM ⊗Z TM)
+.
Locally one can write
(35) θˆ⊗ = ̂(1⊗ eγ)⊗ (1 ⊗ eω)⊗ θˆ
γ
α ⊗ θˆ
ω
β dx
α ⊗ dxβ .
In fact, we have
(36) ĝ(ζ, ξ) = ĝ(1̂ ⊗ eβ θˆ
β
αζ
α, 1̂⊗ eγ θˆ
γ
ωξ
ω) = θˆβαζ
αθˆγωξ
ω g(eβ , eγ) = θˆ
β
αζ
αθˆγωξ
ω g
βγ
.
In the particular case that (eβ) is an orthonormal basis, then we get the following
quantum Minkowskian representation for ĝ
(37) (ĝαω) = θˆ
β
α ⊗ θˆ
γ
ω ηβγ , (ηβγ) =

1 0 · · · 0
0 −1 · · · 0
· · · · · · · · · · · ·
0 0 · · · −1
 .
The splitting in symmetric and skewsymmetric part of ĝ, i.e.,
(38) ĝ = ĝ(s) + ĝ(a) = ĝαβ dx
α • dxβ + ĝαβ dx
α△dxβ
can be written in term of quantum vierbein in the following way:
(39)

θˆ⊗ = θˆ⊙ + θˆ∧
θˆ⊙ = ̂(1 ⊗ eγ)⊗ (1⊗ eω)⊗ θˆ
γ
α ⊗ θˆ
ω
β dx
α • dxβ
θˆ∧ = ̂(1⊗ eγ)⊗ (1⊗ eω)⊗ θˆ
γ
α ⊗ θˆ
ω
β dx
α△dxβ
ĝ(s)(ζ, ξ) = [θˆ
β
αζ
α, θˆγωξ
ω]+ gβγ ,⇒ ĝ(s)αω = θˆ
β
α • θˆ
γ
ω gβγ
ĝ(a)(ζ, ξ) = [θˆ
β
αζ
α, θˆγωξ
ω]− gβγ ,⇒ ĝ(a)αω = θˆ
β
α△θˆ
γ
ω gβγ .
Conversely, the local expression of the quantum deformed metrics on π¯ : E → M ,
induced by a quantum metrics ĝ on M , is given by the following formulas:
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(40)
(θˆ⊗)−1 = (θˆ⊙)−1 + (θˆ∧)−1
(θˆ⊙)−1 = ∂xα • ∂xβ ⊗ θˆ
α
γ ⊗ θˆ
β
ω (1 ⊗ e
γ)+ • (1⊗ eω)+
(θˆ∧)−1 = ∂xα△∂xβ ⊗ θˆ
α
γ ⊗ θˆ
β
ω (1⊗ e
γ)+△(1⊗ eω)+
gˆ(ζα ⊗ eα, ξ
β ⊗ eβ) = ĝγωθˆ
γ
αζ
α ⊗ θˆωβ ξ
β ,⇒ gˆαβ = ĝγωθˆ
γ
α ⊗ θˆ
ω
β
gˆ(s)(ζ
α ⊗ eα, ξ
β ⊗ eβ) = ĝ(s)γω[θˆ
γ
αζ
α, θˆωβ ξ
β ]+,⇒ gˆ(s)αβ = ĝ(s)γω θˆ
γ
α • θˆ
ω
β
gˆ(a)(ζ
α ⊗ eα, ξ
β ⊗ eβ) = ĝ(s)γω[θˆ
γ
αζ
α, θˆωβ ξ
β ]−,⇒ .gˆ(a)αβ = ĝ(a)γω θˆ
γ
α△θˆ
ω
β .
In the particular case that ĝ is Minkowskian, then we can use for ĝγω, ĝ(s)γω
and ĝ(a)γω the corresponding expressions in (33), and by using the property that
θˆδγ θˆ
γ
α = δ
δ
α, we get gˆγω = gˆγω, gˆ(s)γω = gˆ(s)γω and gˆ(a)γω = gˆ(a)γω. The con-
trovariant full quantum metric ĝ of ĝ :M → HomZ(T˙
2
0M ;A) is a section ĝ :M →
HomZ(A; T˙
2
0M) such that the following conditions are satisfied:
(41) ĝ = ∂xα ⊗ ∂xβ gˆαβ, ĝ = gˆγωdxγ ⊗ dxω , gˆαβ(p) ∈ HomZ(A⊗Z A;A), gˆαβ(p) ∈
2
Â
gˆγω(p)gˆ
γβ(p) = δβω ∈ R ⊂ Â, gˆ
γβ(p)gˆγω(p) = δ
β
ω ∈ R ⊂ HomZ(A⊗Z A;A⊗Z A).
The products in (41) are meant by composition:
(42)
A
gˆαβ(p) //
δβγ
44A⊗Z A
gˆαγ(p) //A A⊗Z A
gˆαγ(p) //
δβγ
33A
gˆαβ(p) //A⊗Z A.
In the following commutative diagram it is shown the pairing working between the
fiber bundles (T˙ 20M)
+ and ̂˙T 20M over M .
(43) ̂˙T 20M ×M (T˙
2
0M)
+

<,> // Â
HomZ(T˙
2
0M ; T˙
2
0M)
∼=
̂˙T 20M
⊗
Â(T˙
2
0M)
+
tr
// M × Â
pr2
OO
In particular, one has:
(44)
1
s
< ĝ, ĝ >=
1
s
gˆαβ gˆαβ =
1
s
δββ1Â = 1Â, s =
{
m, dimAM = m
m+ n, dimAM = m|n.
It is direct to verify that ĝαβ = θˆαω ⊗ θˆ
β
ǫ gˆ
ωǫ is the controvariant expression of the
full quantum metric ĝαβ = θˆ
γ
α⊗ θˆ
δ
β gˆγδ, when gˆ
ωǫ is the controvariant one of gˆ
γδ
. In
other words if gˆ
ωδ
gˆωǫ = δǫδ, then ĝαγ ĝ
αβ = δβγ . This means that the full quantum
metric gˆ, induced on A ⊗RMC by g, is not degenerate, i.e. one has the following
short exact sequence:
(45) 0 // A⊗RMC
′gˆ
// (A⊗R)+.
In fact, one can see that ker(′gˆ) = {0}. Really, ′gˆ(a⊗ v)(b⊗u) = abg(v, u) = 0, for
all b ∈ A and u ∈MC iff a = 0 or v = 0. In fact we can take b = 1 and u any vector
of MC. So, since g is not degenerate, it follows that cannot be g(v, u) = 0, for a
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non zero v, and ∀u ∈ MC . The nondegeneration of gˆ induces also the following
isomorphism ̂A⊗RMC ∼= (A⊗RMC)
+.
We define quantum supergravity Yang-Mills PDE, (quantum SG-Yang-Mills PDE),
a quantum super Yang-Mills PDE where the quantum super Lie algebra g in the
configuration bundle π :W ≡ HomZ(TM ; g)→M is a quantum superextension of
the Poincare´ Lie algebra and admits the following splitting:
(46) g = gr + g c© + gz
where gr = A⊗RMC , (resp. g c© is the quantum superextension of the Lorentz part
of the Poincare´ algebra). Here A is a quantum (super)algebra on which is modeled
the quantum (super)manifold M , and MC is the 4-dimensional Minkowsky vector
space. Taking into account the canonical splitting:
(47) HomZ(TM ; g) ∼= HomZ(TM ; gr)×HomZ(TM ; g c©)×HomZ(TM ; gz)
we get that the fundamental field µˆ :M →W , in a quantum supergravity Yang-Mills
PDE, admits the following canonical splitting:
(48) µˆ = µˆr + µˆ c© + µˆz.
We say that µˆ is nondegenerate if µˆr identifies, for any p ∈ M , an isomorphism
µˆr(p) : TpM ∼= A ⊗RMC , hence µˆr can be identified with a quantum verbein on
M : µˆr ≡ θˆ. Then we define µˆr, (resp. µˆ c©, resp. µˆz), the vierbein-component,
(resp. Lorentz-component, resp. deviatory-component), of µˆ. This property is
represented, in local quantum coordinates, by the fact that in the following formula
(49) µˆ = (µˆKA dx
A) = (µr
K
A dx
A + µˆ c©
K
A dx
A + µˆz
K
A dx
A)
one has (µr
K
A (p)) ∈ GL(Â; 4).
An example that we have just considered in some previous works [63, 64, 71, 78, 80],
is when the quantum Lie superalgebra ĝ is identified by means of the following
infinitesimal generators: {ZK}1≤K≤19 ≡ {Jαβ , Pα, Z,Qβi}0≤α,β≤3;1≤a≤2, such that
Jαβ = −Jβα, Pα, Z ∈ HomZ(A0; g), Qβi ∈ HomZ(A1; g), and such that nonzero
Z2-graded brackets are reported in Tab.1.
Tab.1 - N=2 Super Poincare´ algebra.
[Jαβ,Jγδ]=ηβγJαδ+ηαδJβγ−ηαγJβδ−ηβδJαγ
[Pα,Pβ ]=0, [Jαβ ,Pγ ]=ηβγPβ−ηαγPβ
[Jαβ,Qγi]=(σαβ)
µj
γ Qµj , [Qβi,Qµj ]=(Cγ
α)βµδijPα+CβµǫijZ
Here Cαβ is the antisymmetric charge conjugation matrix, σβµ =
1
4 [γβ , γµ], with
γµ the Dirac matrices. Z commutes with all the other ones. Then, µˆr
αβ
γ =
1
2 ωˆ
αβ
γ ,
µˆ c©
µ
γ = θˆ
µ
γ , µˆz = (Aˆγ , ψˆ
αj
γ ), where ωˆ
αβ
γ are called quantum Levi-Civita connec-
tion coefficients, θˆµγ are the quantum vierbein components, Aˆγ are the quantum
electromagnetic field components and ψˆajγ are the quantum spin
3
2 field compo-
nents. The curvature, corresponding to µˆ, can be locally written in the form:
Rˆ = ZK ⊗ Rˆ
K
αβdx
α△dxβ , with RˆKβα = (∂xβµ
K
α ) + C
K
IJ [µ
I
β , µ
J
α]+. The local ex-
pression of the dynamic equation Eˆ2k ⊂ JDˆ
2k(W ) is resumed in Tab.2, for some
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quantum Lagrangian L : JDˆk(W )→ Â of order k.
Tab.2 - Dynamic Equation Eˆ2k⊂JDˆ
2k(W ) and Bianchi identity.
Fields equations (∂ωγ
ab
.L)−∂µ(∂ω
γµ
ab
.L)=0 (curvature equation)
(∂θγα.L)−∂µ(∂θ
γµ
α .L)=0 (torsion equation)
(Eˆ2) (∂ψ
γ
βi
.L)−∂µ(∂ψ
γµ
βi
.L)=0 (gravitino equation)
(∂Aγ .L)−∂µ(∂A
γµ.L)=0 (Maxwell’s equation)
Bianchi identity (∂xγ .R
ab
βα)+2[ω
a
eγ ,R
eb
βα]+=0
(∂xγ .R
α
βω)+[ω
αb
γ ,Rβωb]++(Cγ
α)δµ[ψ
δ
jγ ,ρ
µj
βω
]+=0
(B) (∂xγ .ρ
βi
ωα)+(σab)
βi
δj
[ωabγ ,ρ
δj
ωα]+=0
(∂xγFβα)+Cδµǫij [ψ
δi
γ ,ρ
µj
βα
]+=0
Fields Rabµν=(∂xµ.ω
ab
ν )+2[ω
a
eµ,ω
eb
ν ]+ (curvature)
Rαµν=(∂xµ.θ
α
ν )+[ω
α
βµ,θ
β
ν ]++(Cγ
α)βδ [ψ
β
jµ,ψ
δj
ν ]+ (torsion)
ρβiµν=(∂xµ.ψ
βi
ν )+(σab)
βi
γj [ω
ab
µ ,ψ
γj
ν ]+ (gravitino)
Fµν=(∂xµ.Aν)+Cβγǫij [ψ
βi
µ ,ψ
γj
ν ]+ (electromagnetic field)
So in a quantum SG-Yang-Mills PDE, the quantum Riemannian metric ĝ is not a
fundamental field, but a secondary field, obtained by means of the quantum verbein
θˆ = µˆr, that, instead is a fundamental dynamic field. Of course since there is
a relation one-to-one between quantum verbein and quantum metric, on a locally
Minkowskian quantum (super)manifold, one can choice also quantum metric as a
fundamental field, instead of the quantum verbein. However, in a quantum SG-
Yang-Mills PDE it is more natural to adopt quantum verbein as indipendent field,
since it is just enclosed in the fundamental field µˆ. Furthermore, may be useful to
emphasize that the so-called quantum Levi-Civita connection coefficients ωˆαβγ are
not, in general, metric coefficients, i.e., do not necessitate to be uniquely expressed
by means of the quantum metric ĝ. The name ”Levi-Civita connection coefficients”
is reserved since under suitable dynamic conditions they can be uniquely identified
by the quantum metric, similarly to what happens in the commutative differential
geometry. However, in general, such property is dynamically relaxed.
By assuming the following first order Lagrangian function: L : JDˆ(W ) → Â,
L ◦Ds = 12 R¯
K
αβR¯
αβ
K , ∀s ∈ Q
∞
w (W ),
11 the local expression of (̂YM) results given by
the equations reported in Tab.3. Note that the quantum super Yang-Mills equation is
now (∂µ¯AK .L)−(∂B(∂µ¯
AB
K .L)) = 0. Furthermore, it results (∂µ¯
A
K .L) = [Ĉ
H
KRµ¯
R
C , R¯
[AC]
H ]+
and (∂µ¯ABK .L) = R¯
BA
K .
Tab.3 - Local expression of (̂Y M)⊂JDˆ2(W ) and Bianchi identity (B)⊂JDˆ2(W ).
(Field equations) EAK≡−(∂B .R¯
BA
K )+[Ĉ
H
KRµ¯
R
C ,R¯
[AC]
H
]+=0 (̂YM)
(Fields) F¯KA1A2≡R¯
K
A1A2
−[(∂XA1 .µ¯
K
A2
)+ 12 Ĉ
K
IJ [µ¯
I
A1
,µ¯JA2 ]+]=0
(Bianchi identities) BKHA1A2≡(∂XH .R¯
K
A1A2
)+ 12 Ĉ
K
IJ [µ¯
I
H ,R¯
J
A1A2
]+=0 (B)
FKA1A2 :Ω1⊂JDˆ(W )→
2
Â; BKHA1A2 :Ω2⊂JDˆ
2(W )→
3
Â; EAK :Ω2⊂JDˆ
2(W )→
3
Â .
In Refs.[61, 69] it is proved that (̂YM) ⊂ JDˆ2(W ) is formally quantum superin-
tegrable and also completely quantum superintegrable. That proof works well also
in this situation, since it is of local nature, and remains valid also for quantum
11The rising and lowering of indexes is obtained by means of the fullquantum metrics ĝ on M
and g on g respectively.
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supermanifolds that are only locally quantum super-Minkowskian ones. Then, by
using Theorem 2.3 we get
Ω
(̂YM)
3|3,w
∼= Ω
(̂YM)
3|3,s = A0 ⊗K H3(W ;K)
⊕
A1 ⊗K H3(W ;K). Since the fiber of W
is contractible, we have Ω
(̂YM)
3|3,w
∼= Ω
(̂YM)
3|3,s = A0 ⊗K H3(M ;K)
⊕
A1 ⊗K H3(M ;K).
Thus, under the condition that H3(M ;K) = 0, one has Ω
(̂YM)
3|3,w
∼= Ω
(̂YM)
3|3,s = 0, hence
(̂YM) becomes a quantum extended crystal super PDE. This is surely the case when
M is globally quantum super Minkowskian. (See Refs.[62, 66, 69, 76, 78].) In such
a case one has Ω
(̂YM)
3|3 = K3|3(̂YM), where
(50) K3|3(̂YM) ≡
[N ](̂YM) ∈ Ω3|3(̂YM)
∣∣∣∣∣∣
N = ∂V, for some (singular)
(4|4)-dimensional quantum
supermanifold V ⊂W
 .
So (̂YM) is not a quantum 0-crystal super PDE. However, if we consider ad-
missible only integral boundary manifolds, with orientable classic limit, and with
zero characteristic quantum supernumbers, (full admissibility hypothesis), one has:
Ω
(̂YM)
3|3 = 0, and (̂YM) becomes a quantum 0-crystal super PDE. Hence we get
existence of global Q∞w solutions for any boundary condition of class Q
∞
w .
With respect to the commutative exact diagram in (24) we get the following exact
commutative diagram
(51) 0 // K
(̂YM)
3|3;2
// Ω
(̂YM)
3|3
// Ω
c
(̂YM)
6

//
  B
B
B
B
B
B
B
B
0
0 // K↑6
// Ω↑6
// Ω6 // 0
Taking into account the result by Thom on the unoriented cobordism groups [99],
we can calculate Ω6 ∼= Z2
⊕
Z2
⊕
Z2. Then, we can represent Ω6 as a subgroup
of a 3-dimensional crystallographic group type [G(3)]. In fact, we can consider the
amalgamated subgroup D2×Z2 ⋆D2 D4, and monomorphism Ω6 → D2×Z2 ⋆D2 D4,
given by (a, b, c) 7→ (a, b, b, c). Alternatively we can consider also Ω6 → D4 ⋆D2 D4.
(See Appendix C in [73] for amalgamated subgroups of [G(3)].) In any case the
crystallographic dimension of (̂YM) is 3 and the crystallographic space group type
are D2d or D4h belonging to the tetragonal syngony. (See Tab.4 in [73] and, for
further informations, [21].)
Finally, the evaluation of (̂YM) on a macroscopic shell i(MC) ⊂M is given by the
equations reported in Tab.2.
Tab.4 - Local expression of (̂Y M)[i]⊂JDˆ2(i∗W ) and Bianchi idenity (B)[i]⊂JDˆ2(i∗W ).
(Field equations) (∂α.R˜
Kαβ)+[ĈKIJ µ˜
I
α,R˜
Jαβ ]+=0 (̂YM)[i]
(Fields) R¯Kα1α2=(∂ξ[α1 .µ˜
K
α2]
)+ 12 Ĉ
K
IJ µ˜
I
[α2
µ˜Jα1]
(Bianchi identities) (∂ξ[γ .R˜
K
α1α2]
)+ 12 Ĉ
K
IJ µ˜
I
[γR˜
J
α1α2]
=0 (B)[i]
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This equation is also formally quantum superintegrable and completely quantum su-
perintegrable. Furthermore, the 3-dimensional integral bordism group of (̂YM)[i]
and its infinity prolongation (̂YM)[i]+∞ are trivial, under the full admissibility hy-
pothesis: Ω
(̂YM)[i]
3
∼= Ω
(̂YM)[i]+∞
3
∼= 0. So equation (̂YM)[i] ⊂ JDˆ2(i∗W ) becomes a
quantum 0-crystal super PDE and it admits global (smooth) solutions for any fixed
time-like 3-dimensional (smooth) boundary conditions.
3. STABILITY IN QUANTUM SUPER PDE’s
In this section we shall consider the stability of quantum super PDE’s in the frame-
work of the geometric theory of quantum super PDE’s. We will follow the line just
drawn in some our previous papers on this subject for commutative PDE’s, where
we have interpreted stability of PDE’s on the ground of their integral bordism
groups and related the quantum bordism of PDE’s to Ulam stability too.
Let us first revise some definitions and results about stability of mappings and
their relations with singularities of mappings, adapting them to this new category
of more complex mathematical noncommutative objects.
Definition 3.1. Let X, (resp. Y ), be a quantum supermanifold of dimension m|n,
(resp. r|s), with respect to a quantum superalgebra A = A0 ⊕ A1, (resp. B =
B0⊕B1). We shall assume that the centre Z = Z(A) of A, acts on B that becomes
a Z-module.12 Let f ∈ Q∞w (X,Y ). Then f is stable if there is a neighborhood Wf ⊂
Q∞w (X,Y ) of f , in the natural Whitney-type topology of Q
∞
w (X,Y ), such that every
Wf is contained in the orbit of f , via the action of the group Dˆiff(X)×Dˆiff(Y ).
13
This is equivalent to say that for any f ′ ∈ Wf there exist quantum diffeomorphisms
g : X → X and h : Y → Y such that h ◦ f = f ′ ◦ g. Furthermore, f is called
infinitesimally stable if there exist a map ζ : X → TY , such that πY ◦ ζ = f , where
πY : TY → Y is the canonical map, and integrable vector fields ν : Y → TY ,
ξ : X → TX, such that ζ = T (f) ◦ ξ + ν ◦ f . Thus the following diagram is
commutative.
(52) TX
πX

T (f) // TY
⊕
TY
πY

+ // TY
πY

X
ξ
OO
ζ
44iiiiiiiiiiiiiiiiiiiiii
f
// Y
ν
OO
Y
Theorem 3.2. Let X be a compact quantum supermanifold and f : X → Y be
quantum smooth. Then f is stable iff f is infinitesimally stable. Furthermore, if f
is a proper mapping, then does not necessitate assume that X is compact.14
Proof. Note that the infinitesimal stability, requires existence of flows gt : X → X ,
∂g = ξ, ht : Y → Y , ∂h = ν, such that for the infinitesimal variation ζ of ft =
ht ◦ f ◦ gt one has ζ = T (f) ◦ ξ + ν ◦ f . In fact, one has the following lemma.
12In the following, whether it is not differently specified, X and Y are such quantum
supermanifolds.
13Here Dˆiff(X) denotes the group of quantum diffeomorphisms of a quantum super manifold
X.
14Recall that a map f : X → Y between topological spaces is a proper map if for every compact
subset K ⊂ Y , f−1(K) is a compact subset of X.
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Lemma 3.3. Let (W,V, πW ;B) be a bundle of geometric objects in the category QS
and in the intrinsic sense [49] 15. Let φ : R × V → V be a one-parameter group
of Q∞w transformations of V , ξ = ∂φ its infinitesimal generator and s : V → W a
field of geometric objects, i.e. a section of πW . Then, φ induces a deformation s˜
of s defined by means of the following commutative diagram
(53) R× R× V
(idR,φ)

s˜ // W
R× V
(idR,s) // R×W
◦
φ λ
OO
where
◦
φ λ ≡ B(φ
−1
λ ), ∀λ ∈ R. One has s˜(0,0) = s. Then, for the infinitesimal
variation of s˜ (Lie derivative of s with respect to the integrable field ξ), ∂(s˜ ◦ d) :
V → s∗vTW , one has:
(54) ∂(s˜ ◦ d) = ∂(s ◦ φ) + ∂(
◦
φ) ◦ s
= T (s) ◦ ξ + ν ◦ s.
Proof. This lemma can be proved by copying the intrinsic proof for the commutative
case given in [49]. 
In our case we can consider the following situation, with respect to Lemma 3.3,
W ≡ X × Y , V ≡ X , B(gλ) = hλ and s = (idX , f).
Furthermore, in the case that X is compact, the proof follows the same lines of the
proof given by Mather for commutative manifolds [39]. 
Theorem 3.4. Stable maps f : X → Y do not necessiate to be dense in Q∞w (X,Y ).
Proof. This is just a corollary of the corresponding theorem for commutative man-
ifolds given by Thom-Levine [31, 32]. 
Example 3.5. (Submersions and stability). Let X be a compact quantum su-
permanifold. Let f : X → Y be a quantum differentiable mapping of maximum
possible super-rank. If m ≥ r > 1, n ≥ s > 1, f is a quantum submersion and it is
(infinitesimally) stable.
Example 3.6. (Immersions and stability). Let X a compact quantum superman-
ifold. Let f : X → Y be a quantum differentiable mapping of maximum possible
super-rank. If m ≤ r, n ≤ s, f is an immersion and if it is 1 : 1 then it is also
stable. (Not all immersions are stable.)
Definition 3.7. (Singular solutions of quantum super PDE’s). Let π : W → M
be a fiber bundle, where M is a quantum supermanifold of dimension (m|n) on the
quantum superalgebra A andW is a quantum supermanifold of dimension (m|n, r|s)
on the quantum superalgebra B ≡ A × E, where E is also a Z-module, with Z =
Z(A) the centre of A.
Let Ek ⊂ JD
k(W ) be a quantum super PDE. By using the natural embedding
JDˆk(W ) ⊂ Jˆkm|n(W ), we can consider quantum super PDEs Eˆk ⊂ JDˆ
k(W ) like
quantum super PDEs Eˆk ⊂ Jˆ
k
m|n(W ), hence we can consider solutions of Eˆk as
(m|n)-dimensional, (over A), quantum supermanifolds V ⊂ Eˆk such that V can be
15See also Refs.[50, 51, 57] for related subjects.
22 AGOSTINO PRA´STARO
represented in the neighborhood of any of its points q′ ∈ V , except for a nowhere
dense subset Σ(V ) ⊂ V , of dimension ≤ (m− 1|n− 1), as N (k), where N (k) is the
k-quantum prolongation of a (m|n)-dimensional (over A) quantum supermanifold
N ⊂ W . In the case that Σ(V ) = ∅, we say that V is a regular solution of
Eˆk ⊂ Jˆ
k
m|n(W ). Solutions V of Eˆk ⊂ Jˆ
k
m|n(W ), even if regular ones, are not, in
general diffeomorphic to their projections πk(V ) ⊂ M , hence are not representable
by means of sections of π : W → M . Σ(V ) ⊂ V is the singular points set of V .
Then V \ Σ(V ) =
⋃
r Vr is the disjoint union of connected components Vr. For
every of such components πk,0 : Vr → W is an immersion and can be represented
by means of k-prolongation of some quantun supermanifold of dimension m|n over
A, contained in W . Whether we consider Eˆk as contained in JDˆ
k(W ) then regular
solutions are locally obtained as image of k-derivative of sections of π : W → M .
So we can (locally) represent such solutions by means of mapping f : M → Ek,
such that f = Dks, for some section s :M →W .
We shall also consider solutions of Eˆk ⊂ Jˆ
k
m|n(W ), any subset V ⊂ Eˆk, that can
be obtained as projections of ones of the previous type, but contained in some s-
prolongation Eˆk+s ⊂ Jˆ
k+s
m|n (W ), s > 0.
We define weak solutions, solutions V ⊂ Eˆk, such that the set Σ(V ) of singular
points of V , contains also discontinuity points, q, q′ ∈ V , with πk,0(q) = πk,0(q
′) =
a ∈ W , or πk(q) = πk(q
′) = p ∈ M . We denote such a set by Σ(V )S ⊂ Σ(V ),
and, in such cases we shall talk more precisely of singular boundary of V , like
(∂V )S = ∂V \Σ(V )S. However for abuse of notation we shall denote (∂V )S, (resp.
Σ(V )S), simply by (∂V ), (resp. Σ(V )), also if no confusion can arise.
Definition 3.8. (Stable solutions of quantum super PDE’s). Let us consider a
quantum super PDE Eˆk ⊂ JDˆ
k(W ), and let us denote Sol(Eˆk) the set of regular
solutions of Ek. This has a natural structure of locally convex manifold. Let f :
X → Ek be a regular solution, where X ⊂ M is a smooth (m|n)-dimensional
compact manifold with boundary ∂X. Then f is stable if there is a neighborhood
Wf of f in Sol(Eˆk), such that each f
′ ∈Wf is equivalent to f , i.e., f is transformed
in f ′ by some integrable vertical symmetries of Eˆk.
Theorem 3.9. Let Eˆk ⊂ JDˆ
k(W ) be a k-order quantum super PDE on the fiber
bundle π : W → M in the category of quantum smooth supermanifolds. Let s :
M → W be a section, solution of Eˆk, and let ν : M → s
∗vTW ≡ Eˆ[s] be an
integrable solution of the linearized equation Eˆk[s] ⊂ JDˆ
k(Eˆ[s]). Then to ν it is
associated a flow {φλ}λ∈J , where J ⊂ R is a neighborhood of 0 ∈ R, that transforms
V into a new solution V˜ ⊂ Eˆk.
Proof. Let (xα, yj) be fibered coordinates on W . Let ν = ∂yj(ν
j) : M → s∗vTW
a vertical vector field on W along the section s : M → W . Then ν is a solution of
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Eˆk[s] iff the following diagram is commutative:
(55)
Eˆk _

vT Eˆk _

oo (Dks)∗vT Eˆk_?oo  _

∼
Eˆk[s] _

JDˆk(W )
πk

πk,0

vTJDˆk(W )oo

(Dks)∗vTJDˆk(W )_?oo
∼
JDˆk(Eˆ[s])
π¯k,0

π¯k

W
π

vTW
π′oo Eˆ[s]_?oo
π¯

M
Dks
::
s
\\
M
ν
DD
Dkν
cc
Then Dkν(p) identifies, for any p ∈ M , a vertical vector on Eˆk in the point q =
Dks(p) ∈ V = Dks(M) ⊂ Eˆk. On the other hand infinitesimal vertical symmetries
on Ek are locally written in the form
(56)
ζ =
∑
0≤|α|≤k ∂y
α
j (Y
j
α ), 0 = ζ.F
I =< dF I ,
(∑
0≤r≤k ∂y
α1···αr
j (Y
j
α1···αr )
)
>
Y jα = Z
(0)
α (Y j), Z
(0)
α = ∂xα + ∂ysy
s
α
Y jα1···αri = Z
(r)
i (Y
j
α1···αr ), Z
(r)
i = Z
(r−1)
i + ∂y
γ1···γr
s y
s
γ1···γri
where Y jα ∈ Q
∞
w (U ⊂ JDˆ
k(W );
|α|
Â (E)),
|α|
Â (E) ≡ HomZ(
|α|︷ ︸︸ ︷
A⊗Z · · · ⊗Z A;E), 0 ≤
|α| ≤ k. ∂yαj (q) ∈ HomZ(
|α|
Â (E);TqJDˆ
k(W )), yjα1···αr ∈ Q
∞
w (U ;
r
Â(E)). Then we
can see that solutions of Eˆk[s] are vertical vector fields ν : M → s
∗vTW ≡ Eˆ[s],
such that their prolongations Dkν = ζ ◦Dks, for some vertical symmetry ζ of Eˆk.
Therefore, the flows of above integrable vertical vector fields, transform regular
solutions V of Eˆk into new solutions of Eˆk. Solutions of the linearized equation
Eˆk[s] give initial conditions for the determination of such vertical flows. 
The following lemmas are also important to understand how the structure of so-
lutions of Eˆk[s] are related to the vertical symmetries of Eˆk. (For complementary
informations on the contact structure of Jˆkm|n(W ), see [69].)
Lemma 3.10. (Symmetries of horizontal k-order contact ideals). Let ⌉ : Jˆkm|n(W )→
Jˆk+1m|n (W ) be a quantum (k+1)-connection onW , i.e., a Q
∞
w -section of πk+1,k. (The
restriction of ⌉ to Jˆk(W ) ⊂ Jˆkm|n(W ) is also called quantum (k + 1)-connection).
Let Ĥk(⌉) be the quantum horizontal k-order contact ideal of Ω̂
•(Jˆkm|n(W )) given
by Ĥk(⌉) ≡⌉
∗Ĉk+1(W ), where Ĉk+1(W ) is the contact ideal of Jˆ
k+1
m|n (W ). Locally
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one can write Ĥk(⌉) =< ω
j, . . . , ωjα1...αk−1 , Hˆ
j
α1...αk
>, where
Hˆjα1...αk ≡⌉
∗ωjα1...αk =⌉
∗(dyjα1...αk − y
j
α1...αkβ
dxβ)
= dyjα1...αk−⌉
j
α1...αkβ
dxβ ∈ Ω̂1(Jˆkm|n(W )),
with ⌉jα1...αkβ ≡ y
j
α1...αkβ
◦⌉ ∈ Ω̂0(Jkm|n(W )). Ĉk(W ) is a subideal of Ĥ. Then the
quantum horizontal k-order Cartan distribution Hk(⌉) ⊂ TJ
k
n(W ) (identified by a
(k + 1)-connection ⌉) is the Cauchy characteristic distribution associated to Hk(⌉).
d(Hk(⌉)) admits the following local (canonical basis):
16

ζα = ∂xα + ∂yjy
j
α
+ · · ·+ ∂y
α1...αk−1
j y
j
α1...αk−1α + ∂y
α1...αk
j ⌉
j
α1...αkα.
For any quantum (k + 1)-connection ⌉ on W , one has the following direct sum
decompositions:
(57)
{
Ekm|n(W )q
∼= Hk(⌉)q
⊕
HomZ(S
k(TaN); νa)
Ω̂1(Jˆkm|n(W ))
∼= Ω̂1(Jˆkm|n(W ))v
⊕
Ĥk(⌉)
1
with a ≡ πk,0(q) ∈ W , ⌉(q) = [N ]
k+1
a , and Hk(⌉)q ≡ TqN
(k), Ĥk(⌉)
1 ≡ Ĥk(⌉) ∩
Ω̂1(Jˆkm|n(W )). The connection ⌉ is flat, i.e., with zero curvature, iff the differential
ideal Ĥk(⌉) is closed, or equivalently, iff Hk(⌉) is involutive. If ⌉ is a flat quantum
(k + 1)-connection on W , then one has the following:17
(58)
{
Ĉk(W ) ⊂ Ĥk(⌉) as a closed subideal
Hk(⌉) ∼= Char(Ĥk(⌉)); char(Ĥk(⌉)) ⊂ s(Ĥk(⌉)).
Jˆkm|n(W ) is foliated by regular solutions Z such that Ĥk(⌉)|Z = 0. The leaves of the
foliation are given in implicit form by the following equations: f I(xα, yj , . . . , yjα1...αk) =
κI ∈ Bk, 1 ≤ I ≤ p+ q, dim J
k
n(W ) − (p|q) = m|n, where f
I represent a complete
independent system of primitive integrals of the linear system of PDEs (ζα.f) = 0,
1 ≤ α ≤ m + n, where ζα is a basis (e.g., the canonical basis) of the horizontal
distribution Hk(⌉).
18 Any ζ ∈ s((Hk(⌉)) has the following local representation:
(59)

ζ = ζα(X
α) + ∂yj(Y
j) + ∂yαj (ζα.Y
j) + ∂yα1α2j (ζα1ζα2 .Y
j)
+ · · ·+ ∂yα1...αkj (ζα1 . . . ζαk .Y
j),
16For a distribution E ⊂ TX on a manifold X, we denote by d(E) the vector space of vector
fields on X belonging to E.
17Char(Ĥk(⌉)) denotes the characteristic distribution of Ĥk(⌉), and char(Ĥk(⌉)) the correspond-
ing vector space of its vector fields. Furthermore, s(Ĥk(⌉)) denotes the vector space of infinitesimal
symmetries of the ideal Ĥk(⌉). vk(⌉) is the vector space of vertical infinitesimal symmetries of the
ideal Ĥk(⌉).
18A (local) section s of pi identifies a flat (local) (k + 1)-connection ⌉jα1...αk+1 ≡
(∂xα1 . . . ∂xαk+1 .s
j).
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for any choice of xα ∈ Q∞w (U ⊂ Jˆ
k
m|n(W ), A), 1 ≤ α ≤ m+ n, and Y
j ∈ Q∞w (U ⊂
Jˆkm|n(W ), E), 1 ≤ j ≤ r + s, such that
(60)

(ζα1 . . . ζαk .Y
j) = (∂yi.⌉
j
α1...αk
)Y i + (∂yγi .⌉
j
α1...αk
)(ζγ .Y
i)
+ · · ·+ (∂yγ1...γki .⌉
j
α1...αk
)(ζγk . . . ζγ1 .Y
i).
The space s(Hk(⌉)) admits the following direct sum decomposition:
s(Hk(⌉)) ∼= d(Hk(⌉))
⊕
vk(⌉),
where vk(⌉) is the collection of all vectors of the form
(61)
 ξ = ζ − ζα(X
α) = ∂yj(Y
j) + ∂yαj (ζα.Y
j) + ∂yαβj (ζαζβ .Y
j)
+ · · ·+ ∂yα1...αkj (ζα1 . . . ζαk .Y
j),
for any choice of Y j ∈ Q∞w (U ⊂ Jˆ
k
m|n(W ), E), 1 ≤ j ≤ r + s, such that conditions
(60) are satisfied. s(Hk(⌉)) is a Lie algebra that admits the subalgebra d(Hk(⌉)) as
an ideal.
The general local expression for the symmetries of the (m|n)-dimensional involutive
Cartan distribution E∞(W ) ⊂ T Jˆ
∞
m|n(W ), can be also obtained by equations (59)
with all k > 0, and forgetting conditions (60).19 So we get the following expression
for ζ ∈ s(E∞m|n(W )):
(62)
ζ = ∂α(X
α) +
∑
r≥0 ∂y
α1···αr
j (Y
j
α1···αr )
∂α = ∂xα +
∑
r≥0 ∂y
α1···αr
j (y
j
αα1···αr )
Y jα1···αr = (∂α1 · · · ∂αr .Y
j), Y j ∈ Q∞w (U ⊂ Jˆ
∞
m|n(W ), E), 1 ≤ j ≤ r + s.
Then the canonical splitting TqJˆ
∞
m|n(W )
∼= (E∞m|n(W ))q
⊕
vTqJˆ
∞
m|n(W ), q ∈ Jˆ
∞
m|n(W ),
gives the following splitting in s(E∞m|n(W )) = d(E
∞
m|n(W ))
⊕
v∞, ζ = ζo+ ζv, with
ζo = ∂α(X
α) and ζv =
∑
r≥0 ∂y
α1···αr
j (Y
j
α1···αr ), where Y
j
α1···αr are given in (62).
Definition 3.11. Let Eˆk ⊂ Jˆ
k
m|n(W ), where π : W → M is a fiber bundle, in
the category of quantum smooth supermanifolds. We say that Eˆk is functionally
stable if for any compact regular solution V ⊂ Eˆk, such that ∂V = N0
⋃
P
⋃
N1
one has quantum solutions V˜ ⊂ Jˆk+sm|n (W ), s ≥ 0, such that πk+s,0(N˜0
.⋃
N˜1) =
πk,0(N0
.⋃
N1) ≡ X ⊂W , where ∂V˜ = N˜0
⋃
P˜
⋃
N˜1.
We call the set Ω[V ] of such solutions V˜ the full quantum situs of V . We call also
each element V˜ ∈ Ω[V ] a quantum fluctuation of V .20
Definition 3.12. We call infinitesimal bordism of a regular solution V ⊂ Eˆk ⊂
JDˆk(W ) an element V˜ ∈ Ω[V ], defined in the proof of Theorem 3.9. We denote by
19In fact the Cartan distribution on Jˆ∞n (W ) can be considered an horizontal distribu-
tion induced by the canonical connection identified by the local canonical basis ζα = ∂xα +∑
|β|≥0 y
j
αβ
∂yβj just generating E
∞
n (W ).
20Let us emphasize that to Ω[V ] belong also (non necessarily regular) solutions V ′ ⊂ Ek such
that N ′0
.⋃
N ′1 = N0
.⋃
N1, where ∂V ′ = N ′0
⋃
P ′
⋃
N ′1.
26 AGOSTINO PRA´STARO
Ω0[V ] ⊂ Ω[V ] the set of infinitesimal bordisms of V . We call Ω0[V ] the infinitesimal
situs of V .
Definition 3.13. Let Eˆk ⊂ Jˆ
k
m|n(W ), where π : W → M is a fiber bundle, in
the category of quantum smooth supermanifolds. We say that a regular solution
V ⊂ Eˆk, ∂V = N0
⋃
P
⋃
N1, is functionally stable if the infinitesimal situs Ω0[V ] ⊂
Ω[V ] of V does not contain singular infinitesimal bordisms.
Theorem 3.14. Let Eˆk ⊂ Jˆ
k
m|n(W ), where π : W → M is a fiber bundle, in the
category of quantum smooth supermanifolds. If Eˆk is quantum formally integrable
and completely quantum superintegrable, then it is functionally stable as well as
Ulam-extended superstable.
A regular solution V ⊂ Eˆk is stable iff it is functionally stable.
Proof. In fact, if Eˆk is quantum formally integrable and completely quantum su-
perintegrable, we can consider, for any compact regular solution V ⊂ Eˆk, its s-th
prolongation V (s) ⊂ (Eˆk)+s ⊂ Jˆ
k+s
m|n (W ). Since one has the following short exact
sequence
(63) Ω
(Eˆk)+s
m−1|n−1
// Ωm−1|n−1((Eˆk)+s) // 0
where Ω
(Eˆk)+s
m−1|n−1, (resp. Ωm−1|n−1((Eˆk)+s)), is the integral bordism group, (resp.
quantum bordism group),21 we get that there exists a solution V˜ ⊂ Jˆk+sm|n (W ) such
that
(64)
{
∂V˜ = N˜0
⋃
P˜
⋃
N˜1; ∂V
(s) = N
(s)
0
⋃
P (s)
⋃
N
(s)
1
N˜0 = N
(s)
0 ; N˜1 = N
(s)
1 .
Then, as a by-product we get also: πk+s,0(N˜0
.⋃
N˜1) = πk,0(N0
.⋃
N1) ⊂W . There-
fore, Eˆk is functionally stable. Furthermore, Eˆk is also Ulam-extended superstable,
since the integral bordism group ΩEˆkm−1|n−1 for smooth solutions and the integral
bordism group ΩEˆkm−1|n−1,s for singular solutions, are related by the following short
exact sequence:
(65) 0 // KˆEˆkm−1|n−1,s
// ΩEˆkm−1|n−1
// ΩEˆkm−1|n−1,s
// 0.
This implies that in the neighborhood of each smooth solution there are singular
solutions.
Finally a regular solution V ⊂ Eˆk is stable iff the set of solutions of the correspond-
ing linearized equation Eˆk[V ] does not contains singular solutions. But this is just
the requirement that Ω0[V ] does not contains singular solutions. Therefore, V is
stable if it is functionally stable and vice versa. More precisely if f = Dks : X → Eˆk
is a stable solution of Eˆk, then there exists an open set Ws ⊂ Sol(Eˆk) such that for
any s′ ∈ Ws, s
′ is equivalent to s.22 Let us consider the tangent space TsSol(Eˆk).
21Here the considered bordism groups are for admissible non-necessarily closed Cauchy
hypersurfaces.
22Recall that Q∞w (W ) has a natural structure of quantum smooth supermanifold modeled on
locally convex topological vector fields. Sol(Eˆk) is a closed submanifold of Sol(Eˆk) ⊂ Q
∞
w (W ).
(For details see ref.[57].)
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One has the following isomorphism
(66)
TsSol(Eˆk) ∼=
{
ζ ∈ (Q∞w )0((D
ks)∗vT Eˆk) | ∃ξ ∈ TsQ
∞
w (W ), ζ = |k ◦D
kξ
}
∼= Ω0[V ]
where |k is the canonical isomorphism JDˆ
k(s∗vTW ) ∼= (Dks)∗vTJDˆk(W ), and
V = Dks(X) ⊂ Eˆk. Since Ws is open in Sol(Eˆk), one has also the following
isomorphism Ts′Ws ∼= TsSol(Eˆk). Thus also to s
′ there correspond vector fields
ζ ∈ Ts′Ws that must be regular ones, i.e., without singular points. Therefore Ω0[V ]
cannot contain singular solutions, hence V is functionally stable. Vice versa, if V
is functionally stable, then we can find an open neighborhood Ws ⊂ Sol(Eˆk) built
by perturbing V with all the flows induced by the regular vector fields belonging
to Ω0[V ]. This set is an open set of Ws ⊂ Sol(Eˆk) since its tangent space at any
of its point s′ is isomorphic to Ts′Sol(Eˆk), since this last is isomorphic to Ω0[V ].
Furthermore, any two of such points of such an open set are equivalent since they
can be related both to s by local diffeomorphisms. Therefore V that is functionally
stable is also stable. 
Remark 3.15. Let us emphasize that the definition of functionally stable quantum
super PDE interprets in pure geometric way the definition of Ulam superstable
functional equation just adapted to PDE’s.23
Definition 3.16. We say that Eˆk ⊂ JDˆ
k(W ) is a stable extended crystal quantum
super PDE if it is an extended crystal quantum super PDE that is functionally stable
and all its regular quantum smooth solutions are (functionally) stable.
Definition 3.17. We say that Eˆk ⊂ JDˆ
k(W ) is a stabilizable extended crystal
quantum super PDE if it is an extended crystal quantum super PDE and to Eˆk can
be canonically associated a stable extended crystal quantum super PDE (S)Eˆk ⊂
JDˆk+s(W ). We call (S)Eˆk just the stable extended crystal quantum super PDE of
Eˆk.
23Let us recall the concept of Ulam stability. Let F be a functional space, i.e., a space of
suitable applications f : X → Y between finite dimensional Riemannian manifolds X and Y . Let
E be a Banach space and S a subset of Xn. Let us consider a functional equation:
(67) G(f, q1, · · · , qn) = 0, ∀(q1, · · · , qn) ∈ S ⊂ Xn
defined by means of a mapping G : F ×Xn → E, (f, (q1, · · · , qn)) 7→ G(f, (q1, · · · , qn)). We say
that such a functional equation is Ulam-extended stable if for any function f˜ ∈ F , satisfying the
inequality
(68) ‖G(f˜ , (q1, · · · , qn))‖ ≤ ϕ(q1, · · · , qn), ∀(q1, · · · , qn) ∈ Xn
with ϕ : Xn → [0,∞) fixed, there exists a solution f of 67 such that dY (f˜(q), f(q)) ≤ Φ(q), ∀q ∈
X, for suitable Φ : X → [0,∞). Here dY (., .) is the metric induced by the Riemannian structure
of Y . More precisely, dY (a, b) = inf
∫
[0,1]
√
gY (γ˙(t), γ˙(t))dt, ∀a, b ∈ Y , where γ ∈ C
1([0, 1], Y ),
with γ(0) = a, γ(1)=b and gY the Riemannian metric on Y . One has the following important
propositions: (i) If γ ∈ C1([0, 1], Y ), such that γ(0) = a, γ(1) = b, and
∫
[0,1]
√
gY (γ˙(t), γ˙(t))dt =
dY (a, b), then γ([0, 1]) ⊂ Y is a geodesic. If in addition, γ has constant speed, then γ is a C
∞
geodesic. (ii)(de Rham) When Y is geodesically complete, then given a, b ∈ Y , there exists at
least one geodesic γ in Y connecting a to b with
∫
[0,1]
√
gY (γ˙(t), γ˙(t))dt = dY (a, b). (iii)(Hopf,
Rinov) The geodesic completeness of Y is equivalent to the completeness of Y as a metric space,
which is equivalent to the statement that a subset of Y is compact iff it is closed and bounded.
(iv) Y is complete whenever it is compact. If each solution f˜ ∈ F of the inequality (68) is either
a solution of the functional equation (67) or satisfies some stronger conditions, then we say that
equation ( 67) is Ulam-extended-superstable.
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We have the following criteria for functional stability of solutions of qunatum super
PDE’s and to identify stable extended crystal quantum super PDE’s.
Theorem 3.18. (Functional stability criteria). Let Eˆk ⊂ JDˆ
k(W ) be a k-order
quantum formally integrable and completely quantum superintegrable quantum super
PDE on the fiber bundle π : W →M .
1) If the symbol gˆk = 0, then all the quantum smooth regular solutions V ⊂ Eˆk ⊂
JDˆk(W ) are functionally stable, with respect to any non-weak perturbation. So Eˆk
is a stable extended crystal.
2) If Eˆk is of finite type, i.e., gˆk+r = 0, for r > 0, then all the quantum smooth
regular solutions V ⊂ Eˆk+r ⊂ JDˆ
k+r(W ) are functionally stable, with respect to
any non-weak perturbation. So Eˆk is a stabilizable extended crystal with stable
extended crystal (S)Eˆk = Eˆk+r.
3) If V ⊂ (Eˆk)+∞ ⊂ JDˆ
∞(W ) is a smooth regular solution, then V is functionally
stable, with respect to any non-weak perturbation. So any quantum formally inte-
grable end completely quantum superintegrable quantum super PDE Eˆk ⊂ JDˆ
k(W ),
is a stabilizable extended crystal, with stable extended crystal (S)Eˆk = (Eˆk)+∞.
Proof. We shall use the following lemmas.
Lemma 3.19. Let Eˆk ⊂ JDˆ
k(W ) be a quantum formally integrable and completely
quantum superintegrable quantum superPDE the fiber bundle π :W →M . Then for
any quantum smooth regular solution s : M → W , one has the following canonical
isomorphism: (Eˆk[s])+h ∼= ((Eˆk)+h)[s], ∀h ≥ 1,∞.
Proof. In fact one has the following commutative diagram.
(69)

(Eˆk[s])+h = JDˆ
h((Dks)∗vT Eˆk)
⋂
JDˆk+h(s∗vTW )
∼= (Dk+hs)∗vTJDˆh(Eˆk)
⋂
(Dk+hs)∗vTJDˆk+h(W )
∼= (Dk+hs)∗vT
(
JDˆh(Eˆk)
⋂
JDˆk+h(W )
)
∼= (Dk+hs)∗vT ((Eˆk)+h) = ((Eˆk)+h)[s].

Lemma 3.20. Let Eˆk ⊂ JDˆ
k(W ) be a formally integrable and completely integrable
PDE the fiber bundle π : W → M . Let gˆk = 0. Then also the prolonged equations
(Eˆk)+r, ∀r ≥ 1,∞, have their symbols zero: (gˆk)+r = 0, ∀r ≥ 1,∞.
Proof. In fact, from the definition of symbol and prolonged symbols, it follows that
the prolonged symbols coincide with the symbols of the corresponding prolonged
equations. 
1) This follows from Lemma 3.19 and from the fact that if gˆk = 0 is also gˆk[s] = 0.
This excludes that Eˆk[s] could have singular solutions. Furthermore, Lemma 3.20
excludes also that there are singular (nonweak) solutions in the prolonged equations
Eˆk[s]+r, ∀r ≥ 1,∞.
2) If Eˆk is of finite type, with gˆk+r = 0, then it is also gˆk+r[s] = 0. Then Eˆk+r[s]
cannot have singular (nonweak) solutions.
3) Eˆ∞ has zero symbol, hence also Eˆ∞[s] has zero symbol and cannot have singular
(nonweak) solutions.
(So the proof follows the same lines drawn for commutative PDE’s.) 
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Theorem 3.21. (Functional stable solutions and (k + 1)-connections). Let Eˆk ⊂
Jˆkm|n(W ) be a quantum formally integrable and completely quantum superintegrable
quantum super PDE. Let ⌉ be a quantum flat (k + 1)-connection, such that ⌉|Eˆk
is a Q∞w -section of the affine fiber bundle πk+1,k : (Eˆk)+1 → Eˆk . Then, the sub-
equation ⌉Ek ⊂ Eˆk identified, by means of the ideal H(⌉)|Eˆk , is formally integrable
and completely quantum superintegrable sub-equation with zero symbol ⌉gˆk. Then
⌉Eˆk ⊂ Eˆk is functionally stable and Ulam-extended superstable. Furthermore any
regular quantum smooth solution V ⊂ ⌉Eˆk is also functionally stable in
⌉Eˆk, with
respect to any non weak perturbation.
Proof. In fact, one has the following commutative diagram of exact lines.
(70) Ω
(Eˆk)+s
m−1|n−1

// Ωm−1|n−1((Eˆk)+s)

// 0
Ω
(⌉Eˆk)+s
m−1|n−1

// Ωm−1|n−1((
⌉Eˆk)+s)

// 0
0 0
Furthermore, since ⌉gˆk = 0,
⌉Eˆk is of finite type, hence its smooth regular solutions
are functionally stable. 
Taking into account the meaning that connections assume in any physical theory,
we can give the following definition.
Definition 3.22. Let Eˆk ⊂ Jˆ
k
m|n(W ) be a quantum formally integrable and com-
pletely quantum superintegrable quantum super PDE. Let ⌉ be a flat quantum (k+1)-
connection, such that ⌉|Eˆk is a Q
∞
w -section of the affine fiber bundle πk+1,k :
(Eˆk)+1 → Eˆk . We call the couple (Eˆk, ⌉) a polarized quantum super PDE. We
call also polarized quantum super PDE, a couple (Eˆk,
⌉Eˆk), where
⌉Eˆk ⊂ Eˆk, is
defined in Theorem 3.21. We call ⌉Eˆk a polarization of Eˆk.
Corollary 3.23. Any quantum smooth regular solutions of a polarization of a
polarized couple (Eˆk,
⌉Eˆk), is functionally stable, with respect to any non-weak per-
turbation.
Theorem 3.24. (Finite stable extended crystal PDE) Let Eˆk ⊂ JDˆ
k(W ) be a
quantum formally integrable and completely quantum superintegrable quantum super
PDE, such that the centre Z(A) of the quantum superalgebra A, model for M , is
Noetherian. Then, under suitable finite ellipticity conditions, there exists a stable
extended crystal quantum super PDE (S)Eˆk canonically associated to Eˆk, i.e., Eˆk
is a stabilizable extended crystal.
Proof. In fact, we can use the following lemma.
Lemma 3.25. (Finite stability criterion). Let Eˆk ⊂ JDˆ
k(W ) be a quantum for-
mally integrable and completely quantum superintegrable quantum super PDE, such
that the centre Z(A) of the quantum superalgebra A, model for M , is Noetherian.
30 AGOSTINO PRA´STARO
Then there exists an integer s0 such that, under suitable finite ellipticity conditions,
any regular quantum smooth solution V ⊂ (Eˆk)+s0 is functionally stable.
Proof. Under the hypotheses that Z(A) is Noetherian, the proof follows the same
line of the commutative case. 
Let us, now, use the hypothesis that Eˆk is quantum formally integrable and com-
pletely quantum superintegrable. Then all its regular quantum smooth solutions
are all that of (Eˆk)+s0 . In fact, these are all the solutions of (Eˆk)+∞ ⊂ JDˆ
∞(W ).
However, even if a smooth regular solution V ⊂ Eˆk, and their s0-prolongations,
V (s0) ⊂ (Eˆk)+s0 , are equivalent as solutions, they cannot be considered equivalent
from the stability point of view !!! In fact, Eˆk can admit singular solutions, instead
for (Eˆk)+s0 these are forbidden. Therefore, for Eˆk[s] singular perturbations are
possible, i.e. are possible infinitesimal vertical symmetries of Eˆk, in a neighbor-
hood of the solution s, having singular points. Instead for (Eˆk)+s0 [s] all solutions
are without singular points, hence s considered as solution of (Eˆk)+s0 necessitates
to be functionally stable.
By conclusions, Eˆk, under the finite ellipticity conditions is a stabilizable extended
crystal quantum super PDE, and its stable extended crystal quantum super PDE
is (S)Eˆk = (Eˆk)+s0 , for a suitable finite number s0. 
Remark 3.26. With respect to a quantum frame [63, 69, 70], we can consider the
perturbation behaviours of global solutions for t → ∞, where t is the proper time
of the quantum frame. Then, we can talk about asymptotic stability by reproducing
similar situations for commutative PDE’s. (See Refs.[72, 77].) In particular we can
consider the concept of ”averaged stability” also for solutions of quantum (super)
PDE’s. With this respect, let us recall the following definition and properties of
quantum (pseudo)Riemannian supermanifold given in [63, 71].
Definition 3.27. [63, 71] A quantum (pseudo)Riemannian supermanifold (M.Â)
is a quantum supermanifold M of dimension (m|n) over a quantum superalgebra A,
endowed with a Q∞w section ĝ :M → HomZ(TM ⊗Z TM ;A) such that the induced
homomorphisms TpM → (TpM)
+, ∀p ∈M , are injective.
Proposition 3.28. [63, 71] In quantum coordinates ĝ(p) is represented by a matrix
ĝαβ(p) ∈
2
Â 00(A) ×
2
Â 10(A) ×
2
Â 01(A) ×
2
Â 11(A). The corresponding dual quan-
tum metric gives ĝαβ(p) ∈
2
Â 00(A) ×
2
Â 10(A) ×
2
Â 01(A) ×
2
Â 11(A), with
2
Â ij(A) ≡
HomZ(A;Ai ⊗Z Aj), i, j ∈ Z2, such that ĝγβ(p)ĝ
αβ(p) = δαγ ∈ Â, ĝ
αβ(p)ĝγβ(p) =
δαγ ∈ HomZ(A⊗Z A;A⊗Z A).
In fact we have the following definition.
Definition 3.29. Let Ek ⊂ JD
k(W ) be a formally integrable and completely inte-
grable PDE the fiber bundle π : W → M , and let V = Dks(M) ⊂ Ek be a regular
smooth solution of Ek. Let ξ : M → Ek[s] be the general solution of Ek[s]. Let
us assume that there is an Euclidean structure on the fiber of E[s] → M . Let
(ψ : R ×N → N ; i : N → M) be a quantum frame [63, 69, 70]. Then, we say that
V is average asymptotic stable, with respect to the quantum frame, if the function
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of time p[i](t) defined by the formula:
(71) p[i](t) =
1
2vol(Bt)
∫
Bt
i∗ξ2 η
has the following behaviour: p[i](t) = p[i](0)e−ct for some real number c > 0. Here
Bt ≡ Nt
⋂
supp(i∗ξ2), where N =
⋃
t∈T Nt, is the fiber structure of N , over the
proper-time of the quantum frame. We call τ0 = 1/c0 the characteristic stability
time of the solution V . If τ0 =∞ it means that V is average instable.
24
We have the following criterion of average asymptotic stability.
Theorem 3.30. (Criterion of average asymptotic stability). A regular global smooth
solution s of Ek is average stable, with respect to the quantum frame (ψ : R×N →
N ; i : N →M), if the following conditions are satisfied:25
(72) <
•
p[i](t) >≤ c < p[i](t) >, c ∈ R+, ∀t.
where
(73) p[i](t) =
1
2 vol(Bt)
∫
Bt
i∗ξ2η
and
(74)
•
p[i](t) =
1
2 vol(Bt)
∫
Bt
(
δi∗ξ2
δt
)
η =
1
vol(Bt)
∫
Bt
(
δi∗ξ
δt
.i∗ξ
)
η.
Here i∗ξ represents the integrable general solution of the linearized equation Ek[s|i]
of Ek at the solution s, and with respect to the quantum frame. Let us denote by c0
the infimum of the positive constants c such that inequality (72) is satisfied. Then
we call τ0 = 1/c0 the characteristic stability time of the solution V . If τ0 = ∞
means that V is unstable.26
Furthermore, Let s be a smooth regular solution of a formally quantum integrable
and completely quantum superintegrable quantum super PDE Eˆk ⊂ JDˆ
k
(W ), where
π : W → M . There exists a differential operator P [s|i](ξ), on π¯ : Eˆ[s|i] ≡
i∗(s∗vTW ) → N , canonically associated to the solution s, and with respect to the
quantum frame, such that s is average stable in Eˆk, or in some suitable prolongation
(Eˆk)+h, k + h = 2s ≥ k, if the following conditions are verified:
(i) P [s|i](ξ) is self-adjoint (or symmetric) on the constraint
(75) (Eˆk)(+r)[s|i] ⊂ JDˆ
k+r(Eˆ[s|i]),
for some r ≥ 0.
(ii) The smallest eigenvalue λ1 = λ1(t) of P [s|i](ξ) is positive for any t ∈ T and
lower bounded: λ1 ≥ λ1 > 0.
Furthermore, average stability can be also translated into a variational problem
constrained by (Eˆk)(+h)[s], for some h ≥ 0, such that k + h = 2s.
Proof. We shall use Theorem 3.9 and the following lemma.
24In the following, if there are not reasons of confusion, we shall call also stable solution a
smooth regular solution of a PDE Ek ⊂ JD
k(W ) that is average asymptotic stable.
25The large cuspidated brackets <,> denote expectation value.
26τ0 has just the physical dimension of a time.
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Lemma 3.31. (Gro¨nwall’s lemma)[20] Suppose f(t) is a real function whose deriv-
ative is bounded according to the following inequality: dfdt ≤ g(t)f + h(t), for some
real functions g(t) and h(t). Then, f(t) is bounded pointwise in time according to
f(t) ≤ f(0)eG(t) +
∫
[0,t] e
G(t−s)h(s)ds, where G(t) =
∫
[0,t] g(r)dr.
Then a sufficient condition for the solution V stability, with respect to the quantum
frame, is that inequality (72) should be satisfied. In fact it is enough to use Lemma
3.31 with g(t) = −c and h(t) = 0, to have p[i](t) = p[i](0)e−ct.
Furthermore, condition (72) is satisfied iff
(76) I[ξ|i] ≡
〈
−2
∫
Bt
<
δi∗ξ
δt
+ ci∗ξ, i∗ξ > η
〉
≥ 0,
for some constant c > 0 and for any integrable solution i∗ξ of Eˆk[s|i]. So the
problem is converted to study the spectrum of the differential operator, P [s|i](ξ) ≡
δi∗ξ
δt , on π¯ : Eˆ[s|i]→ N , constrained by (Eˆk)(+r)[s], for some r ≥ 0, since P [s|i](ξ)
is of order ≥ k. If this is self-adjoint, (or symmetric), it follows that it has real
spectrum and the stability of the solution is related to the sign of the smallest
eigenvalue.27 If such an eigenvalue λ1(t) is positive, ∀t ∈ T , and λ1 = inft∈T > 0,
then the ratio < −
•
p[i](t) > / < p[i](t) > is higher than a positive constant, hence
the solution s is average stable. In fact, we get
(77){
−
•
p[i](t)− λ1p[i](t) =
∫
Bt
[(P [s|i](ξ).ξ)− λ1i
∗ξ2]η
=
∫
Bt
(λ1(t)− λ1)i
∗ξ2η = (λ1(t)− λ1)
∫
Bt
i∗ξ2η ≥ 0,
for any t ∈ T . Thus we have also
(78)
−
•
p[i](t)
p[i](t)
≥ λ1 > 0, ∀t ∈ T.
So condition (72) is satisfied, hence the solution s is average stable. In order to
complete the proof of Theorem 3.30, let us emphasize that in general P [s|i](ξ)−ci∗ξ
is not identified with the Euler-Lagrange operator for some Lagrangian. In fact,
in general, the differential order of such an operator does not necessitate to be
even. By the way, since Eˆk is assumed formally quantum integrable and completely
quantum superintegrable, we can identify any smooth solution V ⊂ Eˆk, with its h-
prolongation V (h) ⊂ JDˆk+h(W ), such that k+h = 2s. Thus the problem of average
stability can be translated in a variational problem, constrained by solutions of
(Eˆk)+(h)[s|i].
(79)
{
−
δi∗ξ
δt
= 2λ(t)i∗ξ, F Iα[s|i] = 0, 0 ≤ |α| ≤ h, k + h = 2s
}
t=const
on the fiber bundle π¯ : Eˆ[s|i] ≡ i∗(s∗vTW ) → N . Here F I [s|i] = 0 are the
equations encoding Eˆk[s|i]. This can be made not only locally but also globally. In
27Really it should be enough to require that P[s|i] is a symmetric operator in the Hilbert space
Ht, canonically associated to Eˆ[s]|Bt . In fact the point spectrum Sp(A)p of a symmetric linear
operator A on Ht is real Sp(A)p ⊂ R. (This is true also for its continuous spectrum: Sp(A)c ⊂ R.)
In our case it is enough that P[s|i] should symmetric on the space of Eˆk[s|i] solutions. However,
it is well known in functional analysis that every symmetric operator has a self-adjoint extension,
on a possibly larger space [13].
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fact one has the following lemmas. (See for the terminology [66, 80] and references
quoted there.)
Lemma 3.32. [80] Let π :W →M , a fiber bundle in the category QS, dimAM =
m|n, dimBW = (m|n, r|s). Let L : Jˆ
k
m|n(W )→ Â be a k-order quantum Lagrangian
function and θ ≡ Lη ∈ Ω̂m+n(Jˆkm|n(W )), locally given by θ = L
̂dx1△· · ·△dxm+n =
lµˆ∗ ◦ dx
1△· · ·△dxm+n, where (xα, yj) are fibered quantum coordinates on W , and
µˆ∗ : T˙
m+n
0 (A) → A is the Z-homomorphism induced by the product on A. Then,
extremals for θ, constrained by Eˆk, are solutions f : X → Eˆk, with X a quantum
supermanifold of dimension m|n with respect to A, such that the following condition
is satisfied:
(80)
〈 ∑
1≤j≤r+s
νj ∑
0≤|i|≤k
(−1)|i|∂i
(
∂L
∂yji
) η,X〉 = 0,
for any ν = νj∂yj, solution of the linearized equation of Eˆk at the solution s. In
particular, if Eˆk = Jˆ
k
m|n(W )), then extremals are solutions of the following equation
(Euler-Lagrange equation):
(81) Eˆ[θ] ⊂ Jˆ2km|n(W ) :
 ∑
0≤|i|≤k
(−1)|i|∂i
(
∂L
∂yji
)
= 0

1≤j≤r+s
.
This completes the proof. 
Example 3.33. (Quantum super d’Alembert equation). Let A = A0 ⊕ A1 be
a quantum superalgebra with Z = Z(A) Noetherian and K = R. Let us con-
sider the following trivial fiber bundle π : W ≡ A3 → A2 ≡ M with quan-
tum coordinates (x, y, u) 7→ (x, y). Then, the quantum super d’Alembert equation,
(̂d′A) ⊂ JDˆ2(W ) ⊂ Jˆ22 (W ), is defined by means of the following
2
Â-valued Q∞w -
function F ≡ uuxy − uxuy : JDˆ
2(W ) →
2
Â ⊂
∞
Â. By forgetting the Z2-gradiation
of A, we get the same situation just considered in [63]. So, (̂d′A) ⊂ JDˆ2(W ) is
just a formally quantum integrable quantum super PDE of dimension (3, 2, 2) over
the quantum algebra B ≡ A×
1
Â×
2
Â, in the open quantum submanifold u 6= 0, and
also completely quantum integrable there. On the other hand, by considering that
M has a natural structure of quantum supermanifold of dimension (2|2) over A, it
follows also that for any initial condition, i.e., any point q ∈ (̂d′A) \ u−1(0), passes
a quantum supermanifold of dimension (2|2) over A, solution of (̂d′A). Therefore,
(̂d′A) ⊂ Jˆ22|2(W ) is completely quantum superintegrable in the quantum supermani-
fold u 6= 0 too. We can also state that (̂d′A) is completely quantum superintegrable,
as it is algebraic in the open set (̂d′A) \ u−1(0). Thus (̂d′A) is an extended crystal
PDE. With respect to the commutative exact diagram in (24) we get the following
exact commutative diagram
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(82) 0 // K
(̂d′A)
1|1;2
// Ω
(̂d′A)
1|1
// Ω
c
(̂d′A)
2

//
  A
A
A
A
A
A
A
A
0
0 // K↑2
// Ω↑2
// Z2 // 0
Therefore, the crystal group of (̂d′A) is G(2) = Z2 × Z2 ≡ p2, (p2 is its usual
crystallographic notation), and its crystal dimension is 2.
Furthermore, according to Theorem 3.14 we get that (̂d′A) \ {u = 0} is function-
ally stable. From Theorem 3.24 we get that (̂d′A) is a stabilizable quantum ex-
tended crystal PDE with associated stable quantum extended crystal PDE (S)(̂d′A) =
(̂d′A)+∞. (The symbol of (̂d
′A) is not zero, thus smooth global solutions are in gen-
eral unstable into finite times in (̂d′A).) Moreover, we get that the weak integral
(1|1)-bordism group of (̂d′A) is trivial. In fact, we have: Ω
(̂d′A)
1|1,w
∼= AΩ1|1(W )
∼=
(Z ⊗K H1(W ;K))
⊕
(A1 ⊗K H1(W ;K)) = 0. Thus (̂d′A) is an extended 0-crystal.
Under the full-admissibility hypothesis, i.e., by considering admissible closed smooth
integral quantum supermanifolds of dimension (m−1|n−1), on the which all integral
characteristic quantum supernumbers are zero, we can consider (̂d′A) a 0-crystal
quantum super PDE, hence for such fully admissible Cauchy data, the existence of
global smooth solutions of (̂d′A) is assured. Finally, applying Theorem 3.30 we get
further informations on the asymptotic average stability of (d′A) solutions.
Example 3.34. (Quantum super Navier-Stokes equation). In some previous works
we have considered the Navier-Stokes equation for quantum (super)fluids as a quan-
tum (super)PDE. (See Refs.[62, 63, 67].) Now, we can extend such considerations
to stability of such equations. By using results in [63, 70] we can prove that when
A has Noetherian centre Z = Z(A), (NS) contains a formally quantum integrable
quantum super PDE (̂NS) that is completely quantum superintegrable. So (NS) is
not functionally stable, but (̂NS) is so. This last equation is also an extended crys-
tal quantum super PDE with its infinity prolongation (̂NS)+∞ as stable extended
crystal quantum super PDE. Furthermore, one can prove that the weak integral
(3|3)-bordism group Ω
(̂NS)
3|3,w = 0 = Ω
(̂NS)
3|3,s . This means that (̂NS) is an extended 0-
crystal quantum super PDE. However, it is not a 0-crystal quantum super PDE. By
the way, whether we adopt the full admissibility hypothesis, then (̂NS) becomes a 0-
crystal quantum super PDE and this is enough to state the existence of global smooth
solutions of the quantum super PDE (NS) for such admissible smooth boundary
condition contained int (̂NS).
With respect to the commutative exact diagram in (24) we get the following exact
commutative diagram
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(83) 0 // K
(̂NS)
3|3;2
// Ω
(̂NS)
3|3
// Ω
c
(̂NS)
6

//
%%KK
KK
KK
KK
KK
K
0
0 // K↑6
// Ω↑6
// Z2
⊕
Z2
⊕
Z2 // 0.
Therefore, the crystal group and the crystal dimension of (̂NS) are the same ones
of (̂YM).
Finally, applying Theorem 3.30 we get further informations on the asymptotic av-
erage stability of (̂NS) solutions.
4. QUANTUM EXTENDED CRYSTAL SINGULAR PDE’s
In this section we shall consider singular quantum super PDE’s extending our previ-
ous theory of singular PDE’s,28 i.e., by considering singular quantum (super) PDE’s
as singular quantum sub-(super)manifolds of jet-derivative spaces in the category
Q or QS. In fact, our previous formal theory of quantum (super) PDE’s works
well on quantum smooth or quantum analytic submanifolds, since these regularity
conditions are necessary to develop such a theory. However, in many mathematical
problems and physical applications, it is necessary to work with less regular struc-
tures, so it is useful to formulate a general geometric theory for such more general
quantum PDE’s in the category QS . Therefore, we shall assume that quantum
singular super PDE’s are subsets of jet-derivative spaces where are presents regular
subsets, but also other ones where the conditions of regularity are not satisfied.
So the crucial point to investigate is to obtain criteria that allow us to find ex-
istence theorems for solutions crossing ”singular points” and study their stability
properties.
The main result of this section is Theorem 4.8 that relates singular integral bordism
groups of singular qunatum PDE’s to global solutions passing through singular
points. Some example are explicitly considered.
Let us, now, first begin with a generalization of algebraic formulation of quantum
super PDE’s, starting with the following definitions. (See also Refs.[61, 67, 68, 69].)
Definition 4.1. The general category of quantum superdifferential equations, QES ,
is defined by the following: 1) Bˆ ∈ Ob(QES) iff Bˆ is a filtered quantum superalgebra
Bˆ ≡ {Bˆi}, Bˆi ⊂ Bˆi+1, such that in the differential calculus in the category Q
FG
S (Bˆ)
over Bˆ is defined a natural operation C that satisfies C Ωˆ1 ∧ Ωˆ• = C Ωˆ• , where
Ωˆi ≡ Bˆ∧· · ·i · · ·∧Bˆ are the representative objects of the functor Dˆi in the category
QFGS (Bˆ) over Bˆ, where Dˆi ≡ Dˆ · · ·i · · · Dˆ, being Dˆ(P ) the Bˆ-module of all quantum
superdifferentiations of algebra Bˆ with values in module P . Furthermore, Ωˆ• ≡⊕
i≥0 Ωˆ
i, Ωˆ0 ≡ A. 2) f ∈ Hom(QES) iff f is a homomorphism of filtered quantum
superalgebras preserving operation C .
28See Refs.[61, 71]. See also [4] where some interesting applications are considered.
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Remark 4.2. In practice we shall take Bˆ ≡ {Bˆi ≡ Q
∞
w (Mi;A)}, where Mi is a
quantum supermanifold and A is a quantum superalgebra. Then, we have a canon-
ical inclusion: ji : Mi → Sp(Bˆi), x 7→ ji(x) ≡ ex ≡ evaluation map at x ∈ Mi. To
the inclusion Bˆi ⊂ Bˆi+1 corresponds the quantum smooth map Mi+1 → Mi. So
we set M∞ = lim
←
Mi. One has M∞ = Sp(Bˆ∞). However, as M∞ contains all
the ”nice” points of Sp(Bˆ∞), we shall use the space M∞ to denote an object of the
category of quantum superdifferential equations.
Definition 4.3. The category of quantum superdifferential equations QES is defined
by the Frobenius full quantum superdistribution Ĉ(X) ⊂ T̂X ≡ HomZ(A;TX),
which is locally the same as Ê∞, i.e., the Cartan quantum superdistribution of Eˆ∞
for some quantum super PDE Eˆk ⊂ JDˆ
k(W ). We set: s dimX ≡ dim Ĉ(X) =
(m + n|m + n), i.e., the Cartan quantum superdimension of X ∈ Ob(QES). f ∈
Hom(QES) iff it is a quantum supersmooth map f : X → Y , where X,Y ∈
Ob(QES), such that conserves the corresponding Frobenius full superdistributions:
T̂ (f) : Ĉ(X) → Ĉ(Y ), f ∈ HomQE
S
(X,Y ), sdimX = (m + n|m + n), sdimY =
(m′ + n′|m′ + n′), srankf = (r|s) = dim(Tˆ (f)x(Ĉ(X)x)), x ∈ X. Then the fibers
f−1(y), y ∈ im(f) ⊂ Y , are (m + n − r|m + n − s)-quantum superdimensional
objects of QES . Isomorphisms of Q
E
S : quantum supermorphisms with fibres con-
sisting of separate points. Covering maps of QES : quantum supermorphims with
zero-quantum superdimensional fibres.
Example 4.4. (Some quantum singular PDE’s).
Tab.5 - Examples of quantum singular PDE’s
defined by differential polynomials
Name Singular PDE
PDE with node and triple point p1≡(u
1
x)
4+(u2y)
4−(u1x)
2=0
Rˆ1⊂JˆD(E) p2≡(u
2
x)
6+(u1y)
6−u2xu
1
y=0
PDE with cusp and tacnode q1≡(u
1
x)
4+(u2y)
4−(u1x)
3+(u2y)
2=0
Sˆ1⊂JˆD(E) q2≡(u
2
x)
4+(u1y)
4−(u2x)
2(u1y)−(u
2
x)(u
1
y)
2=0
PDE with conical double point, r1≡(u
1)2−(u1x)(u
2
y)
2=0
double line and pinch point r2≡(u
2)2−(u2x)
2−(u1y)
2=0
Tˆ1⊂JD(F ) r3≡(u
3)3+(u3y)
3+(u2x)(u
3
y)=0
π:E≡A4→A2, (x,y,u1,u2) 7→(x,y). π¯:F≡A5→A2, (x,y,u1,u2,u3) 7→(x,y).
a≡<p1,p2>⊂Bˆ1,b≡<q1,q2>⊂Bˆ1,c≡<r1,r2,r3>⊂Pˆ1.
In Tab.5 we report some quantum singular PDE’s having some algebraic singular-
ities. For the first two equations these are quantum singular PDE’s of first order
defined on the quantum fiber bundle π : E → M , with E ≡ A4, M ≡ A2, where A
is a quantum algebra. Then JˆD(E) ∼= B
4,4
1 = A
4 × Â4. Furthermore, for the third
equation one has the quantum fiber bundle π¯ : F →M , with F ≡ A5, M ≡ A2, and
JˆD(F ) ∼= B
5,6
1 = A
5 × Â6. We follow our usual notation introduced in some pre-
vious works on the same subject. In particular for a given quantum (super)algebra
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A, we put
(84)

T˙ r0 (H) ≡ H ⊗Z · · · ⊗Z H︸ ︷︷ ︸
r
, r ≥ 0
r
Â ≡ HomZ(T˙
r
0 (A);A), r ≥ 0
0
Â ≡ HomZ(T˙
0
0 (A);A) ≡ HomZ(A;A) ≡ Â
with Z the centre of A and H any Z-module. Furthermore, we denote also by S˙r0(H)
and Λ˙r0(H) the corresponding symmetric and skewsymmetric submodules of T˙
r
0 (H).
To the ideals a ≡< p1, p2 >⊂ Bˆ1, b ≡< q1, q2 >⊂ Bˆ1 and c ≡< r1, r2, r3 >⊂ Pˆ1,
where Bˆ1 ≡ Q
∞
w (JˆD(E), B2), with B2 ≡ A × Â ×
2
Â, and Pˆ1 ≡ Q
∞
w (JˆD(F ), B2),
one associates the corresponding algebraic sets Rˆ1 = {q ∈ B
4,4
1 |f(q) = 0, ∀f ∈ a} ⊂
B4,41 , Sˆ1 = {q ∈ B
4,4
1 |f(q) = 0, ∀f ∈ b} ⊂ B
4,4
1 and Tˆ1 = {q ∈ B
5,6
1 |f(q) = 0, ∀f ∈
c} ⊂ B5,61 .
Let us consider in some details, for example, the first equation in Tab.5. There
the node and the triple point refer to the singular points in the planes (u1x, u
2
y) and
(u2x, u
1
y) respectively, with respect to the R-restriction. However, the equation Rˆ1
has a set Σ(Rˆ1) ⊂ Rˆ1 of singular points that contains:
(85) Σ(Rˆ1)0 ≡
{
q0 = (x, y, u
1, u2, 0, 0, 0, 0)
}
∼= A4 ⊂ Rˆ1.
Σ(Rˆ1) is, in general, larger than Σ(Rˆ1)0. In fact the jacobian (j(F )ij), i = 1, 2,
j = 1, · · · , 8, with (Fi) ≡ (p1, p2) : JˆD(E) → B2, is given by the following matrix
with entries in the quantum algebra B2:
(86)
(j(F )ij) =
(
0 0 0 0 2u1x[2(u
1
x)
2 − 1] 0 0 4(u2y)
3
0 0 0 0 0 6(u1y)
5 − u2x 6(u
2
x)
5 − u1y 0
)
.
Since, in general, A can have a non-empty set of zero-divisors, in order Yˆ1 ≡
Rˆ1 \ Σ(Rˆ1) should represent Rˆ1 without singular points, i.e., in order to apply
the implicit quantum function theorem (see Theorem 1.38 in [63]), it is enough
to take the points q ∈ Rˆ1, where there are 2 × 2 minors in (86) with invertible
determinant. This allows us to identify an open submanifold Xˆ1 in JˆD(E). Then,
we get Yˆ1 = Rˆ1
⋂
Xˆ1. Thus we can call Yˆ1 ⊂ Rˆ1 the regular component of Rˆ1. This
submanifold is not empty, since it contains the regular part of the R-restriction of
Rˆ1. Let us define the following subsets of Rˆ1:
(87)

Yˆ1 ≡ Rˆ1 \ Σ(Rˆ1) ⊂ Rˆ1
2Rˆ1 ≡
{
q ∈ Rˆ1|u
1
y(q) = 0, u
2
x(q) = 0
}
⊂ Rˆ1
3Rˆ1 ≡
{
q ∈ Rˆ1|u
1
x(q) = 0, u
2
y(q) = 0
}
⊂ Rˆ1.
One has 2Rˆ1
⋂
3Rˆ1 6= ∅, Yˆ1
⋂
2Rˆ1 6= ∅, Yˆ1
⋂
3Rˆ1 6= ∅. Furthermore the set of
singular points Σ(2Rˆ1) (resp. Σ(3Rˆ1)) of 2Rˆ1 (resp. 3Rˆ1) is contained in Σ(Rˆ1) and
contains Σ(2Rˆ1)0 ≡ 2Rˆ1
⋂
Σ(Rˆ1)0 ∼= A
4 (resp. Σ(3Rˆ1)0 ≡ 3Rˆ1
⋂
Σ(Rˆ1)0 ∼= A
4).
We can write:
(88) Rˆ1 = Yˆ1
⋃
Σ(Rˆ1) ∼= 2Rˆ1 × 3Rˆ1 ∼= [Yˆ2
⋃
Σ(2Rˆ1)]× [Yˆ3
⋃
Σ(3Rˆ1)] ⊂ JˆD(E),
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where Yˆ2 ≡ 2Rˆ1 \ Σ(2Rˆ1) (resp. Yˆ3 ≡ 3Rˆ1 \ Σ(3Rˆ1). Yˆ1 is a formally quantum
integrable and completely quantum integrable quantum PDE of first order. (For the
theory of formal integrability of quantum PDE’s, see Refs.[55, 59, 67, 68, 69].) In
fact Yˆ1 and its prolongations (Yˆ1)+r ⊂ JˆD
r+1(E), are subbundles of JˆDr+1(E)→
JˆDr(E), r ≥ 0. One can also see that the canonical maps πr+1,r : (Yˆ1)+r →
(Yˆ1)+(r−1), are surjective mappings. For example, for r = 1, one has the following
isomorphisms:
(89)
dimB1 JˆD(E) = (4, 4)
Yˆ1 ∼= A
4 × Â2 ⇒ dimB1 Yˆ1 = (4, 2)
JˆD2(E) ∼= A4 × Â4 × (
2
Â)8 ⇒ dimB2 JˆD
2(E) = (4, 4, 8)
(Yˆ1)+1 ∼= A
4 × Â2 × (
2
Â)4 ⇒ dimB2(Yˆ1)+1 = (4, 2, 4)
HomZ(S˙
2
0(TpM); vTq¯E)
∼= (
2
Â)8 ⇒ dimB2 HomZ(S˙
2
0(TpM); vTq¯E) = (0, 0, 8)
((gˆ1)+1)q∈Yˆ1
∼= (
2
Â)4 ⇒ dimB2((gˆ1)+1)q∈Yˆ1 = (0, 0, 4)[
dimB2(Yˆ1)+1
]
=
[
dimB2 Yˆ1
]
+
[
dimB2((gˆ1)+1)q∈Yˆ1
]
.
Therefore, (Yˆ1)+1 → (Yˆ1), is surjective, and by iterating this process, we get that
also the mappings (Yˆ1)+r → (Yˆ )+(r−1), r ≥ 0, are surjective. We put (Yˆ1)+(−1) ≡
E. Thus Yˆ1 is a quantum regular quantum PDE, and under the hypothesis that A
has a Noetherian centre, it follows that Yˆ1 is quantum δ−regular too. Then, from
Theorem 3.4 in [59], it follows that Yˆ1 is formally quantum integrable. Since it is
quantum analytic, it is completely quantum integrable too.
Definition 4.5. We define quantum extended crystal singular super PDE, a sin-
gular quantum super PDE Eˆk ⊂ Jˆ
k
m|n(W ) that splits in irreducible components Aˆi,
i.e., Eˆk =
⋃
i Aˆi, where each Aˆi is a quantum extended crystal super PDE. Simi-
larly we define quantum extended 0-crystal singular PDE, (resp. quantum 0-crystal
singular PDE), a quantum extended crystal singular PDE where each component
Aˆi is a quantum extended 0-crystal PDE, (resp. quantum 0-crystal PDE).
Definition 4.6. (Algebraic singular solutions of quantun singular super PDE’s).
Let Eˆk ⊂ Jˆ
k
m|n(W ) be a quantum singular super PDE, that splits in irreducible
components Aˆi, i.e., Eˆk =
⋃
i Aˆi. Then, we say that Eˆk admits an algebraic singular
solution V ⊂ Eˆk, if V
⋂
Aˆr ≡ Vr is a solution (in the usual sense) in Aˆr for at
least two different components Aˆr, say Aˆi, Aˆj, i 6= j, and such that one of following
conditions are satisfied: (a) (ij)Eˆk ≡ Aˆi
⋂
Aˆj 6= ∅; (b)
(ij)Eˆk ≡ Aˆi
⋃
Aˆj is a
connected set, and (ij)Eˆk = ∅. Then we say that the algebraic singular solution V
is in the case (a), weak, singular or smooth, if it is so with respect to the equation
(ij)Eˆk. In the case (b), we can distinguish the following situations: (weak solution):
There is a discontinuity in V , passing from Vi to Vj ; (singular solution): there is not
discontinuity in V , but the corresponding tangent spaces TVi and TVj do not belong
to a same n-dimensional Cartan sub-distribution of Jˆkm|n(W ), or alternatively TVi
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and TVj belong to a same (m|n)-dimensional Cartan sub-distribution of Jˆ
k
m|n(W ),
but the kernel of the canonical projection (πk,0)∗ : T Jˆ
k
m|n(W ) → TW , restricted
to V is larger than zero; (smooth solution): there is not discontinuity in V and
the tangent spaces TVi and TVj belong to a same (m|n)-dimensional Cartan sub-
distribution of Jˆkm|n(W ) that projects diffeomorphically on W via the canonical
projection (πk,0)∗ : T Jˆ
k
m|n(W )→ TW . Then we say that a solution passing through
a critical zone bifurcate.29
Definition 4.7. (Integral bordism for quantum singular super PDE’s). Let Eˆk ⊂
Jˆkm|n(W ) be a quantum super PDE on the fiber bundle π : W → M , dimBW =
(m|n, r|s), dimAM = m|n, B = A × E, E a quantum superalgebra that is also a
Z-module, with Z = Z(A) the centre of A. Let N1, N2 ⊂ Eˆk ⊂ Jˆ
k
m|n(W ) be two
(m − |n − 1)-dimensional, (with respect to A), admissible closed integral quantum
supermanifolds. We say that N1 algebraic integral bords with N2, if N1 and N2
belong to two different irreducible components, say N1 ⊂ Aˆi, N2 ⊂ Aˆj, i 6= j, such
that there exists an algebraic singular solution V ⊂ Eˆk with ∂V = N1
.⋃
N2.
In the integral bordism group ΩEˆkm−1|n−1 (resp. Ω
Eˆk
m−1|n−1,s, resp. Ω
Eˆk
m−1|n−1,w) of a
quantum singular super PDE Eˆk ⊂ Jˆ
k
m|n(W ), we call algebraic class a class [N ] ∈
ΩEˆkm−1|n−1, (resp. [N ] ∈ Ω
Eˆk
m−1|n−1,s, resp. [N ] ∈ Ω
Eˆk
m−1|n−1,), with N ⊂ Aj, such
that there exists a closed (m− 1|n− 1)-dimensional, (with respect to A), admissible
integral quantum supermanifolds X ⊂ Aˆi ⊂ Eˆk, algebraic integral bording with N ,
i.e., there exists a smooth (resp. singular, resp. weak) algebraic singular solution
V ⊂ Eˆk, with ∂V = N
.⋃
X.
Theorem 4.8. (Singular integral bordism group of quantum singular super PDE).
Let Eˆk ≡
⋃
i Aˆi ⊂ Jˆ
k
m|n(W ) be a quantum singular super PDE. Then under suit-
able conditions, algebraic singular solutions integrability conditions, we can find
(smooth) algebraic singular solutions bording assigned admissible closed smooth
(m − 1|n − 1)-dimensional, (with respect to A), integral quantum supermanifolds
N0 and N1 contained in some component Aˆi and Aˆj, i 6= j.
Proof. In fact, we have the following lemmas.
Lemma 4.9. Let Eˆk ≡
⋃
i Aˆi ⊂ Jˆ
k
m|n(W ) be a quantum singular super PDE with
(ij)Eˆk ≡ Aˆi
⋂
Aˆj 6= ∅. Let us assume that Aˆi ⊂ Jˆ
k
m|n(W ), Aˆj ⊂ Jˆ
k
m|n(W ) and
(ij)Eˆk ⊂ Jˆ
k
m|n(W ) be formally integrable and completely integrable quantum super
PDE’s with nontrivial symbols. Then, one has the following isomorphisms:
(90)
ΩAˆim−1|n−1,w
∼= Ω
Aˆj
m−1|n−1,w
∼= Ω
(ij)Eˆk
m−1|n−1,w
∼= ΩAˆim−1|n−1,s
∼= Ω
Aˆj
m−1|n−1,s
∼= Ω
(ij)Eˆk
m−1|n−1,s.
So we can find a weak or singular algebraic singular solution V ⊂ Eˆk such that
∂V = N0
.⋃
N1, N0 ⊂ Aˆi, N1 ⊂ Aˆj, iff N1 ∈ [N0].
Proof. In fact, under the previous hypotheses one has that we can apply Theorem
2.1 in [58] to each component Aˆi, Aˆj and (ij)Eˆk to state that all their weak and
29Note that the bifurcation does not necessarily imply that the tangent planes in the points
of Vij ⊂ V to the components Vi and Vj , should be different.
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singular integral bordism groups of dimension (m − 1|n − 1) are isomorphic to
Hm−1|n−1(W ;A). 
Lemma 4.10. Let Eˆk =
⋃
i Aˆi be a quantum 0-crystal singular PDE. Let
(ij)Eˆk ≡
Aˆi
⋃
Aˆj be connected, and (ij)Eˆk ≡ Aˆi
⋂
Aˆj 6= ∅. Then Ω
(ij)Eˆk
m−1|n−1,s = 0.
30
Proof. In fact, let Y ⊂ (ij)Eˆk be an admissible closed (m − 1|n − 1)-dimensional
closed integral quantum supermanifold, then there exists a smooth solution Vi ⊂ Aˆi
such that ∂Vi = N0
.⋃
Y and a solution Vj ⊂ Aˆj such that ∂Vj = Y
.⋃
N1. Then,
V = Vi
⋃
Y Vj is an algebraic singular solution of Eˆk. This solution is singular in
general. 
After above lemmas the proof of the theorem can be considered done besides the
algebraic singular solutions integrability conditions. 
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